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Problem 6 - Various

For Wednesday, Nov 15th

Solve as well as you can before(!) the seminar

A note: log = ln both denote the natural logarithm.

Consumption Discounting

This problem derives the consumption side of the Ramsey discounting equation straight from
the following welfare function

U(x1, x2) =
x
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i) Keeping present welfare constant, what is the expected exchange ratio between a marginal
unit of consumption in the first and in the second period?

Instruction: Take the total derivative of welfare and set it equal to zero.

ii) Calculate the corresponding consumption discount rate as r = dx2

−dx1

.

Note: The pure rate of time preference is ρ = log β and log x2

x1

= x̂ is the (or an
approximation of the) consumption growth rate (why?).

Discounting under Uncertainty

Assume the real rate of interest is uncertain and will be either 5% or 1% over the next 51
years (for simplicity assume constancy).

i) What is today’s present value of 100 that you receive in 50 years from now, i.e., what is
its discounted value at the two rates (two answers)? What’s the expected worth if you
think both scenarios are equally likely?

ii) Do the same discounting calculation for 100 received in 51 years. What’s the expected
value?
What is the one year discount rate between the two expected payoffs in 50 versus 51
years? Is this value higher or smaller than if we were to discount with the expected
interest rate?

A Non-Convex Pollution Problem

A social planner faces benefits from consumption c that she has to trade-off against pollution
costs as the pollutant stock Xt accumulates. She optimizes the following problem:

maxW =

∫
∞

0

(ln c− βx2)e−ρtdt subject to:

ẋt = ct − αxt + f(xt) , x0 = x̄.
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For the numeric evaluations use α = β = 3

5
and ρ = 2%(= 1

50
). The function f is f(x) = x2

1+x2 .
Hint: When deriving general formulas keep the function f . For numerical evaluation calcu-
late values of f and its derivatives separately.

i) Derive the ẋt = 0 line from the equation of motion and plot it qualitatively into a phase
diagram with the stock on the horizontal axis and consumption c on the vertical axis.
Hint: Analyze the curvature of the function before you plot it.

ii) Draw arrows indicating the xt dynamics above and below the ẋt = 0 line into your phase
diagram.

iii) Set up the current value Hamiltonian and derive the Euler equation.

iv) Show that the optimally controlled system has a steady state for x = 1. What is the
corresponding value for c?


