
Exam 5106/9106 – Fall 2020 Retake

1. You are interested in estimating the effect of a treatment D on a normally distributed outcome Y .
Treatment occurs for D = 1{X ≥ c} where X is a continuous variable.

(a) [5 points] Explain why estimating an OLS regression of Y on D on the subsample for which
|X− c|< h is identical to estimating a local constant regression with a rectangular kernel.

ANSWER:
The rectangular kernel weighs all data points within the bandwidth equally, while
assigning zero weight outside the bandwidth. This is exactly what the stratification does
where all the data outside the bandwidth are discarded and the data within the bandwidth
is weighted equally.

(b) [5 points] Suppose you rescale Y , for example replace Yi with 100Yi. How should the
bandwidth change when estimating the density of Y ? What do think should happen with
the bandwidth when estimating E[Y | X = c] using local constant regression? Explain the
intuition behind your answers.

ANSWER:
Intuitively we want to use the same data for estimating the density independently of the
scale of Y. Multiplying Y with a 100 should therefore increase the bandwidth with 100.
Since E[100Y | X ] = 100E[Y | X ] the rescale estimator should just be 100 times the non-
rescaled one which shows that we can leave the bandwidth unchanged with regression.

(c) [5 points] Describe in words how the bias of the local constant estimator changes over
regions of convexity and concavity in E[Y | X ]. Does this make intuitive sense?

ANSWER:
When E[Y | X = c] is convex at X = c the local constant estimator overestimates the
regression function. This makes sense because taking the average of any two points
around c will lie below the true regression regression line which means that any local
average around c will lie below it as well. The same intuition applies to a concave CEF
but here the bias is upwards.

(d) [5 points] Suppose instead that treatment occurs for D= 1{X ≤ c}. Describe the differences
(if any) involved in estimating the conditional average treatment effect (ATE).

ANSWER:
The only difference is that we need to change the sign of our effect estimate.

(e) [5 points] Suppose treatment occurs for D = 1{c1 ≤ X ≤ c2}. What treatment affects are
identified now?

ANSWER:
AT E(X = c1) and AT E(X = c2)

2. You are interested in the effect of a vaccine Di on people’s viral infection Yi. Suppose you have
a random sample of the population of interest, and the participants in the trial are randomly
assigned to the treatment with probability. Let Ai be an indicator that is equal to 1 if person i is
assigned to treatment (and 0 otherwise).
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Let N people participate in the experiment, and assume for now that they randomly receive the
treatment with probability p (that is Ai = Di).

(a) [5 points] Show formally that the difference in the average infection rate of the treatment
and control group is an unbiased estimate of the average effect of the vaccine on the
probability of infection.

ANSWER:
E[Y |D = 1]−E[Y |D = 0] = E[Y 1|D = 1]−E[Y 0|D = 0] = E[Y 1]−E[Y 0] where the last
equality follows from independence of the treatment of potential outcomes (because of
randomization).

(b) [10 points] Derive the standard error of the effect estimate in (a) as a function of p, and
derive the fraction of treated that will deliver the most precise estimate of the treatment
effect.

ANSWER:
First note that

Var(β̂ ) =
1

pN
σ

2
1 +

1
(1− p)N

σ
2
0

where σ2
k ≡Var(Y |D = 1). take the first derivative to p and setting to zero gives

p =

√
σ2

0

σ2
0 +σ2

1

In practice not everybody complies with the assignment and the value of Ai is not necessarily
equal to the value of Di.

(c) [5 points] Explain briefly why the estimator in (a) no longer always recovers a consistent
estimate of the average treatment effect.

ANSWER: Because there is no guarantee that those who comply with the treatment are
representative of the overall population.

(d) [5 points] Consider the following data where n is the number of people
d a y n

1. 0 0 35 10

2. 0 1 30 10

3. 1 1 25 30

4. 1 0 20 10

and compute the fraction compliers and the LATE

ANSWER:
P̂r(C) = 1− P̂r(A)− P̂r(N) = 1− 10

20 −
10
40 = 0.25,

ˆLAT E= Ê(Y |A=1)−Ê(Y |A=0)
Ê(D|A=1)−Ê(D|A=0)

=
30
40×25+ 10

40×30− 10
20×35− 10

20×20
30
40−

10
20

=−5

(e) [5 points] How large is the LATE compared to the expected outcome of the compliers in
the absence of treatment?
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ANSWER:
We need to compute an estimate for the expected compliers outcome in the absence of
treatment E(Y0|C):
Ê(Y0|C) = Ê(Y (1−D)|A=1)−Ê(Y (1−D)|A=0)

Ê(1−D|A=1)−Ê(1−D|A=0)
= 30×0.25−35×0.5

0.25−0.5 = 40. This means treatment
reduces the outcome by 12.5 percent.

(f) [5 points] Interpret the LATE in this context. What policy questions does this parameter
answer? Give an example of a policy relevant question that this parameter does not address.

ANSWER HINT:
LATE - average effect of the treatment on the health outcomes of people who were
induced to take it because of the assignment. Policy relevance depends on the assignment
rule. Could be policy relevant if the one plans on offering the treatment to all people at
the same (monetary or non-monetary cost) as in the experiment.

(g) [10 points] Assume that the average potential outcomes in the absence of treatment is
higher for the compliers as compared to the always takers. Show how this assumption
allows you to to create a lower bound on the ATT.

ANSWER:
First note that

E(Y0|D = 1) =E(Y0|D = 1,Z = 1)P(Z = 1)
+E(Y0|D = 1,Z = 0)P(Z = 0)

=E(Y0|A or C)P(Z = 1)+E(Y0|A)P(Z = 0)
<E(Y0|C)

where we used E(Y0|A)< E(Y0|C) in the last line. We now have that

AT T = E(Y1−Y0|D = 1)
= E(Y1|D = 1)−E(Y0|D = 1)
> E(Y |D = 1)−E(Y0|C)

= 25
30

30+10
+20

10
30+10

−40 =−18.25

3. Suppose y follows the following distribution

f (y;α) = αy−(1+α), α > 0

Suppose n = 4 and t takes on the following values in your sample: 1.76, 2.18, 1.19, 1.50.

(a) [5 points] Write down the log-likelihood for an i.i.d. sample of size n.
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L =
n

∑
i=1

Li =
n

∑
i=1

(logα− (1+α) logyi)

= n
(
logα− (1+α)logy

)
where logy≡ 1

n ∑
n
i=1 logyi

(b) [5 points] Derive the score.

∂L

∂α
=

n

∑
i=1

(
1
α
− logyi)

= n
(

1
α
− logy

)

(c) [5 points] Derive the ML estimator of α from the score and compute it.

Solving ∂L
∂α

= 0 gives

α̂ =
1

logy

which equals 1/( 1.9240571 / 4) = 1 / .481 = 2.079 using the data above

(d) [5 points] Derive the standard error of α̂MLE .

Since Var(α̂MLE) =−1
nE[∂ 2Li/(∂α)2]−1 and

E[∂ 2Li/(∂α)2] =− 1
α2

the s.e. equals 1.0394702 in the data.

(e) [10 points] Test for H0 : α = 2 against H1 : α 6= 2 at the 5% significance level using the
LR, Wald and LM test.

LR: 2*4*(log(2.08)-(1+2.08)* .481 - log(2) - - (1+2)* .481)= .00592571
W: (2.079 - 2)^2 / 1.03947022 = .00577604
LM: (4(1/2-.481))^2 / (2^2 / 4) = .00576732
none of which are stat sign at the 5% level.
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Critical values of χ2(d f )
Significance level

df .10 .05 .01
1 2.71 3.84 6.63
2 4.61 5.99 9.21
3 6.25 7.81 11.34
4 7.78 9.49 13.28
5 9.24 11.07 15.09
6 10.64 12.59 16.81
7 12.02 14.07 18.48
8 13.36 15.51 20.09
9 14.68 16.92 21.67
10 15.99 18.31 23.21
11 17.28 19.68 24.72
12 18.55 21.03 26.22
13 19.81 22.36 27.69
14 21.06 23.68 29.14
15 22.31 25.00 30.58
16 23.54 26.30 32.00
17 24.77 27.59 33.41
18 25.99 28.87 34.81
19 27.20 30.14 36.19
20 28.41 31.41 37.57
21 29.62 32.67 38.93
22 30.81 33.92 40.29
23 32.01 35.17 41.64
24 33.20 36.42 42.98
25 34.38 37.65 44.31
26 35.56 38.89 45.64
27 36.74 40.11 46.96
28 37.92 41.34 48.28
29 39.09 42.56 49.59
30 40.26 43.77 50.89
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