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Problem 1 (from the exam in December 2006)
Assume that f is a continuous function defined on I = (0, 1) such that
(i) f has a global minimum over I, and
(ii) supx∈I f(x) = ∞, i.e. f attains arbitrarily large function values over I.
Is the image f(I) = {f(x) : x ∈ I} of I a closed set?
(Hint: Show that f(I) must be an interval.)
(Translation: English “image” = Norwegian “bilde”.)

Problem 2 (from the exam in December 2005)
Show that no continuous function f : R → (0, 1) maps the closed unit interval
[0, 1] onto (0, 1). (In other words, for every such f there will always be one or
more points in (0, 1) that are not equal to f(x) for any x in [0, 1].)

Problem 3 (= FMEA, 13.3.5)
Let S be a closed, nonempty set in R

n and y a fixed point in R
n. Let h(x) = d(x,y)

for all x in S. Then h is continuous by Problem 4. Use the extreme value theorem
to show that h attains a minimum at some point of S. (Hint: If x′ is an arbitrary
point in S, then any possible minimum point for h(x) must lie in the intersection
of S and the closed ball B(y; r) with radius r = d(x′,y).)

NOTE: The condition S �= ∅ was forgotten in the book. Why is it necessary?

Problem 4
Let f(x, y) = −3xy4 − 4(x − 1)y3 + 6y2 for x in X = ( 1

2 , 2) and y in Y = [−3, 3].
For each x in X, consider the problem of maximizing f(x, y) subject to y ∈ Y
(keeping x fixed). Let M(x) be the corresponding set of (global) maximum points
y in Y , and let V : X → R be the optimal value function given by

V (x) = max
y∈Y

f(x, y).

(See section 13.4 in FMEA or pp. 199–202 in MA II.) Verify that V (x) is con-
tinuous, and draw a diagram in the xy-plane showing the set M(x) (one or more
points) for each x. Are the maximizers given by a continuous function of x?

If there is enough time:

FMEA, 2nd ed: 13.5.1, 13.5.2, 13.5.5 (1st ed: 13.5.2, 13.5.3, 13.5.6)
= MA II: 7.4.1, 7.4.2, 7.4.5.
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