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Mathematics 4A: Stochastic modeling and analysis
(ECON5160/9160): Exam spring 2012, May 9th – 11th

• All answers must be justified by showing the mathematical deductions. Unless speci-
fically stated, reference to e.g. computer calculations is not sufficient justification
(but you are allowed to use such tools for your own verification).

• There are 3 pages of problems, in addition to the cover note (1 page) and declaration
form (1 page). For further information, refer to the cover note.

Problem 1 Let Y0, Y1, . . . be a time-homogeneous Markov chain with state space {0, 1, 2, . . . }
and such that there are numbers p0, p1, . . . , all ∈ (0, 1), such that

• if i is an even number, then Pr[Y1 = i
2
|Y0 = i] = pi and Pr[Y1 = i

2
+1|Y0 = i] = 1−pi;

• if i is an odd number, then Pr[Y1 = i−1
2
|Y0 = i] = pi and Pr[Y1 = i+3

2
|Y0 = i] = 1−pi.

(a). State the top–left 7 × 7 block of the transition matrix (i.e., the block of elements
corresponding to the states 0, . . . , 6).

(b). Consider the following property:

Pr[Y1 ≥ y|Y0 = y] > 0

Let ŷ be the largest state which has this property.

i) Calculate ŷ

ii) Explain – in words if you prefer – why the fact that there is such a finite ŷ,
implies that there is at least one positive recurrent state.

(c). A state y > ŷ forms a communication class of its own. State all other communication
classes, that is, all communication classes which contains some state 0, . . . , ŷ.

(d). Find a stationary distribution for Y .

(e). State 0 is recurrent. Let T be the first strictly positive time n for which Yn = 0.
Calculate E[T |Y0 = 0].

(f). Let ri be the long-run average fraction of time spent in state 0, conditioned upon
Y0 = i.

i) Calculate r0.

ii) Decide whether there is any state i = 1, 2, 3, . . . such that ri 6= r0.
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Problem 2 In Problem 2, you are free to use your results from Problem 1; Should one
of those happen to be incorrect, then this will not lead to heavy penalization (possibly to
none at all) under Problem 2, provided that the error does not simplify the calculations of
Problem 2.

Let X = {X(t)}t∈[0,∞) be a time-homogeneous Markov chain in continuous time, defined
as follows:

• Its state space is communication class of state 0 for the process Y of problem 1.

• When in state x, then the jump intensities are as follows, where α, β are both ∈ (0, 1):
– if x is an even number, the intensity of jump to state x

2
= α and to state x

2
+ 1

it is 1− α;
– if x is an odd number, the intensity of jump to state x−1

2
is β and to state x+3

2

it is 1− β;
– there are no other jumps.

(a). State
i) the generator of Z,
ii) the Kolmogorov forward equation associated to Z, and
iii) the Kolmogorov backward equation associated to Z.

(b). Suppose Z(0) = 0. On the long run, what fraction of the time will Z spend in state
0?

Problem 3 Consider a branching process with geometric offspring distribution Pr[ξ =
k] = (1− p)pk, k = 0, 1, . . .

(a). For what values of p is eventual extinction certain for the process?

(b). Calculate the probability of eventual extinction, for each value of p not covered by
part (a).

(c). Assume the following model for a Ponzi scheme (a fraudulent pyramid game, in
Norwegian: «pyramidespill»). For generations 1, . . . , 10 the offspring distribution is
geometric with p = 3/4. Ponzi schemes with fees paid to a list of certain previous
participants are illegal, and public discussions over the game emerge, leading to a
reduction in the offspring sizes after generation 10, to a geometric branching process
with p = 9/20.
What is the probability of eventual extinction for this process?

(d). An alternative model is that the offspring distribution is geometric with for each
time step, but with p depending on the generation number according to p = πn in
generation n (for all n, with no shift at time 10), where π is a constant ∈ (0, 1).
What is the probability of eventual extinction for this process?
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Problem 4 Consider an arbitrage-free frictionless Black–Scholes market on continuous
time t ∈ [0, T ], consisting of a safe investment opportunity with continuously compounded
interest at constant rate r > 0, and one risky investment opportunity (henceforth a
«stock») whose price evolves like a geometric Brownian motion:

S(t) = s̄ exp
{

(µ− 1
2
σ2)t+ σB(t)

}
Here, B is a standard Brownian motion starting at B(0) = 0. σ > 0 and µ as well as the
initial state s̄ = S(0) > 0, the horizon T > 0 and the parameter K > 0 in the problem,
are constants.

(a). A derivative will at time T pay

U = ln
(
S(T )/K

)
.

This payoff may turn out positive of negative, and so may the price. Show that the
derivative has zero price at time 0 if K has the particular value

K = s̄ exp
{

(r − 1

2
σ2)T

}
. (1)

(b). A different derivative will at time T pay max{0, U} (which is nonnegative). Suppose
that T = 1 and K satisfies (1), and find the price at time 0 of this derivative security.
(Hint: you are allowed to (and it might be useful to) look up the parameters of the
half-normal distribution from a textbook or similar source, without calculating by
hand.)
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