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ECON5160: The compulsory term paper
Formalities:

• This term paper is compulsory.

• This paper must be accepted in order to qualify for attending the final exam, but will
not count on your final grade.

• This work is subject the rules for academic conduct regarding, inter alia, sources and
references, and you are required to comply with and submit with your paper the
declaration attached.

• Cooperation is allowed, but the paper (including any code) must be your own work.

• Language: As for Master theses, that is: English, Norwegian, Swedish or Danish.

• To be handed in(∗): Friday April 13th 2012, at 1400 hours at the department office,
12th floor. Do not submit by e-mail unless by prior agreement with the teachers.

• If a submitted paper is not accepted, you will get a second chance to improve it in a
very short timeframe.

∗) If you believe that you have good a reason for not meeting the deadline (e.g. illness), you
should discuss the matter with your course teacher and seek a formal extension. Normally,
an extension will be granted only when there is a good reason backed by supporting evidence
(e.g. a medical certificate).

Other information:

• This document contains problems 1–4, of which you shall do problems 1 and 2, and then
one of problems 3, 4 (see below).

• In addition to a satisfactory total score based on the total set of compulsory problems,
you are expected to make a decent attempt on each of them in order to have your paper
accepted.

• For problems requiring numerical calculations, you are free to use your favourite software.
Your numerical calculations must be documented:

– If source code is available, attach a print-out. Comment your code with words
explaining what you are actually doing.

– For some applications where the algorithm is available from a file but not in a
source code format, write a pseudo-code version (again, sufficiently commented)
and attach. Other means of documentation will only be acceptable upon prior
agreement with the teachers.

• We consider this term paper to be more (much more) work than e.g. previous Maths 2
or Maths 3 term papers.
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Problem 1 – compulsory to everyone
Throughout this problem, let r ∈ (0, 1) be a constant and Un be i.i.d. uniform on (0, 1).
Consider the Markov chain Y = {Yn}n=0,1,... on the state space 0, 1, 2, . . . , where the transition
from timestep n− 1 to n works as follows:

• First, calculate rYn−1 + 1
rUn. This is almost surely not an integer; write it as Kn +Dn

where Kn is the integer part, and Dn ∈ (0, 1).

• Draw (independent of everything else) Yn to be Kn + 1 with probability Dn, and Kn

with probability 1−Dn.

(a). Show that if state y is accessible from state y− 1, then states 0, · · · , y are all recurrent.
Then conversely, show that if state y is not accessible from state y − 1, then state y is
transient.

(b). For what values of r ∈ (0, 1), will state 5 be recurrent?

(c). Use a uniform random number generator to give numerical values for the one-step
transition probabilities from state 5, for the cases (i) r = r1 = 0.7654321 and (ii)
r = r2 = 0.8765432. (Document the calculations with source code or file.)

Problem 2 – compulsory to everyone
The financial turmoil in 2008 led to severe losses for both institutional and private investors.
Some of the private investors went to court because they claimed to have been misled by
the bank that had invited hem to invest. In two of these court cases in Norway, professors
Mehlum and Lund at Økonomisk institutt were acting as expert judges. In each case, the
verdict was that the bank had not intentionally mislead the investors, and were acquitted
from any claims from the investors. Both Mehlum and Lund formed a 1 against 4 minority in
the respective cases. Lund argued that the investment opportunity, the Senior Bank Loans-
linked note (henceforth «SBL») issued by Dutch bank ING, was marketed by Fokus Bank
with information material that was misleading. We shall look into one aspect of this.
The note in question was linked to a bundle of 350 loans to US firms, and was offered

early in 2007 with a predicted yearly value increase of slaightly above 10 percent, based
on historical data. From the attachment, the figure «S&P/LSTA Leveraged loans bid price
history» shows the second-hand market bid prices for such an index (based on a supposedly
similar bundle). The SBL in question would be at index level 100 (approximately1) in beneficial
market conditions under no defaults on the underlying loans, and it would drop below if one
or more of these loans defaulted, or the financial market was in distress.

(a). In the marketing (early 2007), the monthly gains/losses relative to the index, were
described by Fokus Bank as independent and normally distributed. Discuss the reason-
ability of each of these two assumptions from the graph that shows the index up to the
end of year 2006.

We shall develop a dynamic model for the value of such a security, starting with the value
of the underlying portfolio of credit exposures. Let Θt represent the underlying state at time
t of US firms of which the 350 was (by assumption) a random sample. Assume Θt to be a

1Could be slightly higher due to interest payable on the loans – disregarded in this problem set.
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Markov chain on the state space N,D, S. We model the value of the security as Xt, which
conditional on Θt is a process with increments dependent only on (Θt, Xt). That is, given
Θt = ϑ and Xt = x, then Xt+h has a distribution only depending on ϑ and x.
The states of Θt have the interpretation of «N» as normal2, «D» as difficult and «S» as

severe. Assume time homogeneity, and the following transition matrix for Θt:

P =


N D S

N α 1− α 0
D 1− β − δ β δ
S 0 1− γ γ


for parameters α, β, γ, δ all ∈ [0, 1], with δ ≤ 1− β.

(b). For which values of the parameters will Θ be (i) aperiodic, (ii) irreducible?

(c). Assuming the chain to be aperiodic and irreducible: determine for what values of the
parameters Θ will have a limiting distribution, and find it if it exists.

In our simplified model, and with no claim to realism, assume α = β = 4/5, γ = 1/20, δ = 1/5,
and the following discrete transition probabilities from state Xt = x to state Xt+1 – note the
exceptions at the end:

• When Θt = N : probability 1/4, 1/4 and 1/2 to states x− 1, x and x+ 1, respectively;

• When Θt = D: probability 1/2, 1/4 and 1/4 to states x− 1, x and x+ 1, respectively;

• When Θt = S: probability = 1/2 to state x− 2 and = 1/2 to state x− 5;

• Exceptions:

– state 0 is always absorbing;

– if the above produces a state < 0, then the state will be 0;

– if the above produces a state > 100, then the state will be 100.

(d). • Argue that Yt = (Xt,Θt) is a (2-dimensional) Markov chain, and specify the state
space.

• Classify the states.

• Find a stationary distribution for Yt, and decide if it is a limiting distribution.

(e). Comment on the model on basis of the «S&P/LSTA Leveraged loans bid price history»
figure.

(f). Simulate the model by running it a suitable number of times, starting at (X0,Θ0) =
(100, N):

(i) over 1000 months, and compare the distribution to the stationary distribution

(ii) over 40 months, and compare the distribution to the stationary distribution.(Note:
If you choose to do problem 3, then you shall store the sample paths (i.e. all
the vectors X1, . . . , X40, not only the terminal value), and use those paths in the
simulations in problem 3. Be sure then to pick many enough to get a sensible
answer to problem 3 as well.)

2normal as in «usual», not as in «Gaussian»
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Problem 3 – choose between this and problem 4
You can do either this problem, or problem 4. Of course you are free to submit both.3 If you
choose to do problem 3, then you shall store the sample paths (i.e. all the vectors X1, . . . , X40,
not only the terminal value) from 2(f.ii), and use those paths in the simulations in this problem.

Consider the setup of problem 2. The investors did not buy the index (which is what we
model by X, again, with no claims to realism) itself, rather a geared financial derivative of the
index. An investment of 100 would incur a loan of 300 from the bank (ING), and everything
would be invested in the index; then when the contract were to be dissolved, the bank would
first claim their part of the loan, and the investor would get the residual – which, ensuring the
investor’s limited liability, was subject to a floor at 0 (financially, an option on the investor’s
hand). The bank, on the other hand, would have the option to unwind the contract when
X became low. This option on the bank’s hand would insure the bank against virtually any
losses whatsoever, and in the particular case at hand, this was what happened: the bank
exercised the option, and the investors lost 87 percent of their initial investment.

There were also an interests accumulating from the loans in the bundle, at a higher rate
than the interest subtracted to be paid to ING (the interest on the SNL loans would have to
pay more, otherwise, the investor would at most break even). We shall however make a few
simplifications:

• We disregard the interests, and rather give the investor a discount on buying the note.
(The investor cannot sell back the note and reap this discount as an arbitrage.) Thus,
as opposed to an initial investment of 100, we suppose that the investor actually pays
less, say, 90 (but will not get any of the interest accumulated on the loan bundle).

• These 100 together with the bank’s 300 are invested in the note, and the value at time
n would be

4 ·Xn − 300

after the bank’s 300 is deducted.

• The investor has the option to floor this at 0 (i.e., should X40 < 75, then the investor
would lose only the initial payment («90») for the note); in the perfectly liquid market
of our model, this would not happen, because:

• The bank will unwind the position if and whenever Xn hits 75, and the investor will lose
the initial payment (the «90»).

In this problem, you shall simulate the effect of the bank’s option at early termination.

(a). Use the simulated sample paths to estimate the probability that the bank will exercise
the option.

(b). What is the probability, given that the option is exercised, that doing so would save the
bank from positive losses which would have occured otherwise?

3This could enhance your chances of getting it approved, although we prefer to see one of them done properly
than two half-hearted attempts.
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(c). What is the probability, given that the option is exercised, that the investor loses on
this having been done?

(d). Estimate the probability distribution for these losses.

(e). Assume that all agents are risk-neutral. What is then the expected (negative) impact
to the investor of this option on the bank’s hand?

Problem 4 – choose between this and problem 3 Again, you can do either this problem,
or problem 3 (or both).

Do problem 15 in the Schweder compendium, proceeding as follows:

(a). Calculate the g function found on pages 26–27 in the compendium, section 8.2.2.

(b). For the «Do however construct an MCMC to recover the posterior distribution» part,
the MCMC is outlined also in section 8.2.2. You already have g (modulo a constant),
and q is a Gaussian transition kernel, and ρ is then given by formula (15). Then:

i) Start at some arbitrary point s in the state space; put T0 = s.

ii) When you have drawn Tn, draw Un as described. You can even use a spreadsheet.

iii) Then the next state is given by (16).

iv) Run this recursively for a sufficient number N of iterations. Store TN . (If you are
using a spreadsheet: new column or new row.)

v) Now repeat for a sufficient number of times – hint: top of page 26. For each
repetition, store TN .

vi) Plot the distribution of the TN against the gamma. Histograms would be OK, a
qq-plot even better.
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