
1 A tax on capital income in a neoclassical growth
model

We look at a standard neoclassical growth model. The representative consumer
maximizes

U =

∞∑
t=0

βtu(ct) (1)

where ct is consumption in period t and

u(c) =
1

1 − 1/σ
c1−1/σ (2)

σ > 0 is the intertemporal elasticity of substitution.
Firms maximize profits given a production function

yt = f(kt) (3)

where kt is the capital stock, yt output and f an increasing and concave pro-
duction function. The depreciation rate is δ.

The government spends gt on government consumption and collects two
taxes, a lump-sum tax τt from the consumers and from the producers a propor-
tional tax with rate θ on the return on capital (net of depreciation).

Let wt be the wage rate and rt the net (after tax and depreciation) return
on capital (the real interest rate).

1. Complete the model by writing down the budget constraints of the con-
sumers and the government, the profit equation for the firms and the
equilibrium conditions.

2. Derive the first-order conditions for consumers and producers.

3. Explain how a stationary state in the model is determined. How is the
stationary state affected by a) an increase in θ used to finance a cut in the
lump-sum tax, b) an increase in τ used to finance an increase in g, c) an
increase in θ used to finance an increase in g.

4. Starting from a stationary state there is a sudden, permanent increase in θ.
Trace out in a phase diagram what the path towards the new equilibrium
will look like.

5. Suppose that at the beginning of period t it is announced that the capital
gains tax will increase in period t + 1 and then return to its initial level
in period t+ 2. The announcement is credible. The proceeds are used to
cut the lump-sum tax. What effects do you expect on the time paths of
the capital stock and private consumption?
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2 Different subjective discount rates in the neo-
classical growth model

Look at an economy where there are two consumers, A and B. Their utility
functions are

U =

∞∑
t=0

βtj ln ct where j = A,B (1)

They both supply one unit of labor which yields a wage wt per period. Each
can invest in an asset, at, that yields an interest rate rt. Their period by period
budget constraints are of the form

cj,t + aj,t+1 = (1 + rt)aj,t + wt − cj,t t = 0, 1, 2, . . . (2)

Each also has to obey the no-Ponzi-game condition:

lim
t→∞

aj,t

t−1∏
i=1

(1 + ri)
−1 ≥ 0 (3)

Define the subjective discount rate ρj by βJ = 1/(1 + ρj). Assume that
ρA < ρB . In other words, consumer A is more patient than consumer B.

1. Derive the first-order conditions for maximum utility. Show how con-
sumption in period t is related to consumption in period 0. Which of the
two consumers have the fastest rate of consumption growth? What is the
condition for consumption growth being positive?

2. Assume that the interest rate and the wage rate are constant, equal to
r and w. Use the present value budget constraint to solve for the con-
sumption levels in period 0 and for the whole future path of consumption.
Explain why more generally we can write the solution for cj,t as

cj,t =
ρ

1 + ρ
(1 + r)aj,t +

ρ

1 + ρ

1 + r

r
w (4)

3. The population and the technology of the economy is constant. Output
per unit of labor is described by the per-capita production function

yt = f(kt) (5)

The capital stock evolves according to

kt+1 = kt + yt − ct (6)

where ct = (cA,t + cB,t)/2.

We want to know whether the economy has a steady state with kt+1 =
kt = k∗ > 0. Such a steady state would obviously also require that
ct+1 = ct. Let r∗ = f ′(k∗). Check what happens to cA,t and cB,t as
t goes to infinity for alternative values of r∗. What happens to average
consumption ct? Explain why the only possible long run equilibrium is
the one where r∗ = f ′(k∗) = ρA.
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4. If the economy approaches the long run equilibrium just described, what
happens then to the net assets of two consumer as times goes to infinity?
Hint: Use equation (4).
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3 Adjustment costs of capital. An exercise in
dynamic programming and difference equa-
tions

A firm maximizes the present value of its cash flow:

Vt =

∞∑
s=t

(
1

1 + r

)s−t [
F (Ks, Ls) − wsLs − Is −

χ

2

I2s
Ks

]
(1)

where F is a constant returns to scale production function, Ks is input of capital,
Ls is input of labor, ws is the wage rate, and Is is investment. The last term
represents the cost of adjusting the level of the capital stock. χ is a positive
constant.

The capital stock changes over time according to

Ks+1 = Ks + Is (2)

In the sequel labor is treated as a fixed factor with Lt = L.

1. Explain what is meant by the value function for this problem. Write down
the Bellman equation for the problem and derive the first-order conditions
for an optimal investment plan. Interpret the conditions.

2. Tobin’s q (symbolized by qt), is defined as the value in period t of a
marginal increase in the capital stock in period t + 1. Explain how qt is
related to the value function.

3. Show that the first order conditions can be transformed to two difference
equations in qt and Kt:

Kt+1 = Kt +

(
qt − 1

χ

)
Kt (3)

qt+1 = (1 + r)qt − F ′K (Kt +Kt(qt − 1)/χ, L) − 1

2χ
(qt+1 − 1)2 (4)

Characterize the steady state of this system.

4. Linearize equations (3) and (4) around the steady state.

5. Use the characteristic equation to prove that the system has a stable
saddle-path.

6. Draw a phase diagram for the system.

7. Discuss with the help of the phase diagram how the captial stock will move
after a permanent increase in the interest rate.
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8. (Optional) Show from (4) that the provided the economy converges to the
steady state, qt can be expressed as

qt =

∞∑
s=t+1

(
1

1 + r

)s−t
F ′K (Kt+1, L) +

1

2χ
(qt+1 − 1)2 (5)

Interpret this equation.
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