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1 Arrow-Debreu prices

Look first at an endowment economy that lasts for two periods. There is a single
consumption good. The endowment in period 0 is ω0. The endowment in period
1 can take on two different values ω1 with probability π1 and ω2 with probability
π2. The economy is inhabited by a large number of identical individuals with
utility function

U = α0 ln(C0) + α1E[ln(C1)] (1)

where C0 and C1 are consumption in periods 0 and 1 respectively.

1. Suppose that all trade takes place at the beginning of period 0 and that the
consumers can buy and sell contingent claims for all states of the world
(Arrow-Debreu markets). Let p0 be the price of the consumption good
in period 0, and let , p1i (i=1,2) be the price of a contingent claim for
one unit of the consumption good in period 1 and state i. Write down the
budget equation for the representative consumer and derive the first-order
condition.

2. Write down the equilibrium conditions for the economy. Choose consump-
tion in period 0 as numeraire. Confirm that the equilibrium prices are

p11 = π1
α1

α0

ω0

ω1
, p12 = π2

α1

α0

ω0

ω2
(2)

Explain the roles played by the α’s and ω’s in the expressions for the
prices.

3. What would be the price of a safe asset that yields one unit of the con-
sumption good in period 1? How does the price differ from what it would
have been in the comparable case without uncertainty?

4. We now move to an economy identical to the one above except that the
horizon is infinite. The utility function of the consumer is

U = E0

∞∑
t=0

αt ln(Ct) (3)

Each period’s endowment is a random variable zt that can take on the two
values ω1 and ω2. Assume that endowments in different time periods are
stochastically independent. The probabilities of the two outcome are, as
before, π1 and π2. Write down the budget constraint for this case. What is
the condition for the consumer’s optimization problem to be meaningful?

5. It is easy to show (you don’t need to do this) that the price at time zero
for an asset yielding one unit of consumer goods in period t and state i, is

pti = πi
αt

α0

ω0

ωi
(4)
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Use this result to find the price of an Arrow security that is bought in
state j and period t and yields one unit of the consumption good in state
i and period t+ 1.

6. In macroeconomics we are usually more interested in sequential equilibria
than in period 0 equilibria. Explain how the two kinds of equilibria are
related in the present model. Does the First welfare theorem apply?
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2 Risk sharing

Consider an endowment economy with one commodity and two consumers.
Their time-horizon is infinite. The two consumers have identical and CRRA
utility functions with discounting. Try to answer the following questions with
as much intuition and as little algebra as possible.

1. Suppose first that the two consumers have endowments of the commodity
that are equal both over time and between individuals. (The level of this
endowments is later denoted Ȳ ). Risk-free loans can be arranged between
the two consumers. Describe the equilibrium consumption paths and the
interest rate path in this economy.

2. Suppose that the endowments are equal to Ȳ in every period except period
t. In period t the endowments are Ȳ + ∆ with probability 1/2 and Ȳ −∆
with probability 1/2. The outcomes for the two consumers are stochas-
tically independent. How can the securities market be made complete in
this case. What will the equilibrium consumption paths look like? What
payment flows will go between the two consumers? Will the interest rate
on the safe asset differ from what you found in question 1?

3. Suppose now that the only security available is the risk-free asset. How
would that change the consumption path and the interest rate path? In
equilibrium, will there be precautionary saving before period t?

4. Which of your conclusions would change if the distribution of endowments
in period t were

- For consumer A: Ȳ + 2∆ with probability 1/4 and Ȳ −∆ with prob-
ability 1/2.

- For consumer B: Ȳ + ∆ with probability 1/2 and Ȳ − ∆ with prob-
ability 1/2 (as before)?
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