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• Assets are used to shift consumption between periods.

• Some assets are not perfectly safe. Hence, the agent experiences some uncer-
tainty about future payoffs, which results in uncertainty about future levels
of consumption.

• Based on this thought, agents will price assets not only depending on its return
compared to the risk-free rate, but also depending on each agent’s willingness
to take risk (willingness to forego some consumption smoothing for a higher
absolute level of consumption).
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2 Asset Euler Equations

Agent’s Maximization Problem:

• Agents maximize expected lifetime utility:

Et

∞∑

j=0

βju(ct+j), 0 < β < 1. (2.1)

• Individuals can hold bonds and equity. Assets can be sold short, but borrowing
constraints work on both equity and fixed-income holdings.

• Notation:

– Lt: Bond holdings

– Nt: Equity holdings

– Borrowing constraints: Lt ≥ −bL, Nt ≥ −bN .

– Risk-free real gross interest rate: Rt, measured in units of time t + 1
consumption good per time t consumption good.
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• Budget constraint:

ct + Rt
−1Lt + ptNt ≤ At. (2.2)

• Next period’s wealth:

At+1 = Lt + (pt+1 + yt+1)Nt (2.3)

yt+1: stochastic dividend income

• Hence, the agent’s maximization problem is a dynamic programming problem.
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Euler Equations:

• At interior solutions, the Euler equations are

u′(ct)Rt
−1 = Etβu

′(ct+1), u′(ct)pt = Etβ(yt+1 + pt+1)u′(ct+1). (2.4)

• The transversality conditions are as follows:

lim
k→∞

Etβ
ku′(ct+k)R

−1
t+kLt+k = 0, lim

k→∞
Etβ

ku′(ct+k)pt+kNt+k = 0. (2.5)

• If any of the transversality conditions (2.5) would be positive, the agent would
be overaccumulating assets. This is the analogous condition to a finite horizon
model where the agent will not die with positive asset holdings.

• Were they negative, the agent would be given credit he cannot pay up - a
contract that no one would enter.

2 ASSET EULER EQUATIONS 7



3 Risk-Sharing

Risk-Sharing: General environment

• Economy populated with households indexed by i, where i ∈ I ≥ 2

• Endowment/income of an individual household is risky

• If households are risk-averse, there is a desire to engage in risk-sharing

• Households employ state-contingent transfers to increase the expected utility
of all households by reducing the risk of at least one
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4 Risk-Sharing

Risk-Sharing Questions:

• How much risk-sharing can we expect to find in theory?

– Absent any frictions, there is full risk sharing

• How much risk-sharing do we find in the data?

– We observe only partial risk sharing, both between households
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5 Risk-Sharing

Risk-Sharing

• A wide variety of human institutions are important for risk sharing (insurance
and financial markets, legal systems, government policies ...)

• Understanding the discrepancy between theory and data may tell us something
about how these institutions work

• Limited commitment seems to play an important role
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6 Risk-Sharing

Risk-Sharing

• Consider two infinitely-lived households, i = 1, 2

• Preferences: Per-period vNM utility functions of consumption u′(cit) > 0,
u′′(cit) < 0 and Inada conditions

• Households face endowment shocks

• There are no opportunities for storage or outside lending and borrowing
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7 Notation

Uncertainty

• st ∈ St: current state of economy at time t

• st = s0, s1, ..., st: history up to time t

• st ∈ St, St ≡ S0 × S1 × ...St

• π(st): probability that history st occurs

• yit(st): income of individual i upon realization of st

• ∑i∈I y
i
t(s

t) = Yt(s
t)
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8 History

History: Example
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9 History

Specific History: Example
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10 Households Problem

Households Problem

• The maximization problem of an individual household:

max
cit(s

t)

∞∑

t=0

∑

st∈St
βtπ(st)u(cit(s

t))

with u′ > 0, u′′ < 0 and Inada conditions
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11 Complete Markets

Complete Markets: Arrow-Debreu

• There is a complete set of insurance and financial markets in the economy

• At time 0, individuals trade dated state-contingent claims (Arrow-Debreu se-
curities)

• Arrow-Debreu budget constraint:

∞∑

t=0

∑

st∈St
pt(s

t)[cit(s
t)− yit(st)] = 0 for all i ∈ I

• There is an asset for every possible contingency: complete markets

• Household can commit to honor contracts on claims in every period
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12 Complete Markets

Complete Markets: Arrow-Debreu

• By the First Welfare Theorem, the competitive equilibrium can be characterized
as the solution of the social planner problem:

max
cit(s

t)

∞∑

t=0

∑

st∈St
βtπ(st)

∑

i∈I
αiu(cit(s

t))

such that
∑

i∈I
cit(s

t) = Yt(s
t) for all t, st ∈ St
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13 Complete Markets

Complete Markets: Arrow-Debreu

• The FOC’s are given by

βπ(st)αiu′(cit(s
t)) = λt(s

t) for all t and st ∈ St

implying that

u′(cit(s
t))

u′(cjt(st))
=
αj

αi
for all t and st ∈ St

• The ratio of marginal utilities across two agents i, j is constant in every period
and every state of the world: full risk-sharing

• If Yt(s
t) = Ȳt for all st ∈ St, it follows that cit(s

t) = c̄it for all st ∈ St (because
u′′ < 0)

• Consumption is history-independent and equal across states: full-insurance
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14 Complete Markets/CRRA

CRRA preferences
cit(s

t)1−σ
1−σ

• Risk sharing implies that

cit(s
t)

cjt(s
t)

=

(
αi

αj

) 1
σ

, for all t, st ∈ St

• Ratio of consumption between any two agents is constant across time and states

• Summing up over all i ∈ I :

∑

i∈I
cit(s

t)

︸ ︷︷ ︸
=Ct(st)(=Yt(st))

=
∑

i∈I

(
αi

αj

) 1
σ

cjt(s
t)
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• Individual consumption is a constant fraction of aggregate endowment:

cjt(s
t) =

[
(αj)

1
σ

∑
i∈I(α

i)
1
σ

]
Yt(s

t)
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15 Complete Markets

Empirical Relevance

• How well does the complete markets model describe the world?

• If the children of Noah had been able and willing to pool risks, Arrow-
Debreu style, among themselves and their descendants, then the vast in-
equality we see today, within and across societies, would not exist. (Lucas
1992, cited in Heathcote et al. 2009, p.5)
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16 Complete Markets

Empirical Relevance

• A more formal test is due to Mace (1991) for the U.S. and Townsend (1994)
for India

• Under perfect risk sharing and CRRA preferences, changes in individual con-
sumption should respond to aggregate income shocks, but not to changes in
individual income:

∆lncit = α1∆ lnCt + α2∆ ln yit + εit

• Under the null hypothesis ”complete markets”, α1 = 1 and α2 = 0

• Under the null hypothesis ”autarky”, α1 = 0 and α2 = 1
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17 Complete Markets

Empirical Relevance

• Typically, both ”complete markets” and ”autarky” are rejected

• This suggest that there are markets on which households can buy some insur-
ance against income fluctuations

• However, individual consumption is correlated with individual income

• Households do not fully insure away their idiosyncratic risk

• Insurance is only ”partial”
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18 Martingale Theories of Consumption and
Stock Prices

• Assume that the risk-free interest rate is constant (Rt = R > 1). Thus:

Etu
′(ct+1) = (βR)−1u′(ct). (18.1)

Hence, u′(c) follows a univariate linear first-order Markov process.

• Rearranging the Euler equation yields:

Etβ(yt+1 + pt+1)
u′(ct+1)

u′(ct)
= pt. (18.2)

• The left-hand side of (18.2) is the expected value of a product of two random
variables. Apply Et(xz) = EtxEtz + cov(x, z):

βEt(yt+1 + pt+1)Et
u′(ct+1)

u′(ct)
+ βcovt

[
(yt+1 + pt+1),

u′(ct+1)

u′(ct)

]
= pt (18.3)

18 MARTINGALE THEORIES OF CONSUMPTION AND STOCK PRICES 24



• What we want is pt = βEt(yt+1 + pt+1). Martingale assumption for (18.3) is
very unlikely to be satisfied for general utility functions!

• One obvious example where it fits is risk-neutrality of agents. Then u′(ct)
becomes independent of ct, Etu

′(ct+1)/u′(ct) = 1, and

covt

[
(yt+1 + pt+1),

u′(ct+1)

u′(ct)

]
= 0. (18.4)

• Stock prices then suffice

Etβ(yt+1 + pt+1) = pt. (18.5)

• Adjusted for dividends and discounting, the share price follows a first-order
univariate Markov process and no other variables Granger cause the share price.
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• The stochastic difference equation (18.5) in that case has the class of solutions

pt = Et

∞∑

j=1

βjyt+j

︸ ︷︷ ︸
expected discounted future dividends

+ ξt

(
1

β

)t

︸ ︷︷ ︸
bubble term

, (18.6)

where ξt is any random process that obeys Etξt+1 = ξt. The ‘bubble term’
must be zero in equilibrium.
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19 Equivalent Martingale Measure

• With state-dependent notation, the maximization problem becomes

U(ci) =

∞∑

t=0

∑

st

βtu[cit(s
t)]πt(s

t) (19.1)

s.t.

∞∑

t=0

∑

st

q0
t (s

t)cit(s
t) ≤

∞∑

t=0

∑

st

q0
t (s

t)yit(s
t), (19.2)

where q0
t (s

t) is the price at time 0 of an asset with a certain payoff if the state
st is observed at time t.

• FOC: Relative price of consumption of two states in two periods, st and st+1,
= relative marginal utility. Formally:

q0(st+1)

q0(st)
=
βt+1π(st+1)u′(c(st+1))

βtπ(st)u′(c(st))
= β

u′(c(st+1))

u′(c(st))
π(st+1|st). (19.3)
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• Risk neutrality:

at = dt + R−1
t at+1 (19.4)

Asset value=today’s dividend stream + discounted value tomorrow

• Allow for state-dependent payoffs:

at(s
t)q0(st) = d(st)q0(st) +

∑

st+1

q0(st+1)a(st+1) (19.5)

• Now divide both sides of (19.5) by q0(st):

at(s
t) = d(st) +

∑

st+1

q0(st+1)

q0(st)
a(st+1) (19.6)
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• Apply (19.3):

a(st) = d(st) + β
∑

st+1

u′[cit+1(st+1)]

u′[cit(st)]
a(st+1)π(st+1|st), (19.7)

• Now we need to define the interest rate in terms of state-dependent asset prices:

R−1
t (st) =

∑

st+1

q0(st+1)

q0(st)
(19.8)

• Intuition of (19.8):

– q0(st): today’s spot price for an umbrella

– Possible states tomorrow: sunshine or rain

– q0(st+1 = RAIN): price for an umbrella if it rains tomorrow (you pay
q0(·), but only get the umbrella if it rains!)

– q0(st+1 = SUNSHINE): price for an umbrella if it is sunny tomorrow

– Hence: risk-free interest rate = ratio between spot price and sum of to-
morrows prices over all states
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• Note that the probabilities of states are already included in the market prices,
as the rainy-day umbrella trader includes it in its calculation when offering you
tomorrows rainy-day umbrella today.

• Now combine previous results:

R−1
t (st) = β

∑

st+1

u′[cit+1(st+1)]

u′[cit(st)]
a(st+1)︸ ︷︷ ︸

=1

π(st+1|st). (19.9)

• Now, the twisted transition measure π̃(st+1|st) can be defined as follows:

π̃(st+1|st) = Rtβ
u′[cit+1(st+1)]

u′[cit(st)]
π(st+1|st) (19.10)

• Furthermore, these transformed transition probabilities can be chained to yield

π̃t(s
t) = π̃(st|st−1) . . . π̃(s1|s0)π̃(s0). (19.11)
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This twisted transition measure is a very important step. Recall from the previous
section that the martingale property holds only under very restrictive assumptions.
By transforming the probability measure in a way that accounts for individual risk-
specific attributes, we have a different probability measure, but can proceed with this
distorted distribution as if agents were risk-neutral !

Assume that agent i is very risk-averse. If the state st+1 yields to a lower level of
concumption, his marginal utility u′(cit(st+1)) will be relatively high. The distorted
transition measure π̃(st+1) will thus be higher.
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• Using the definition of π̃(·), (19.9) and the value of an asset as indicated by
(19.7), we can write

a(st) = d(st) + R−1
t

∑

st+1

a(st+1)π̃(st+1|st). (19.12)

• R accounts for discounting, π̃ for probabilities and risk preferences.
Define Ẽ as the mathematical expectation with respect to the twisted transition
measures π̃(·). Then, asset prices equal

a(st) = d(st) + R−1
t Ẽta(st+1). (19.13)
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• We now turn to the adjective “martingale”. Consider a security with a dividend
stream dT = d(sT ) and dt = 0 for t > T . Hence aT (sT ) = d(sT ) and

at(st) = Estβ
T−tu

′[ciT (sT )]

u′[cit(st)]
aT (sT ). (19.14)

where Est denotes the conditional expectation under the π probability measure.

• Hence, today’s asset value is tomorrow’s asset value in state st+1 adjusted for
time-value and willingness to take risk.

• This expression can either be derived by iterating equation (19.7) or by applying
state-dependent pricing.
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• Now, define the “deflated” or “interest-adjusted” process as

ãt+j =
at+j

RtRt+1 . . . Rt+j−1
, ãt = at, (19.15)

for j = 1, . . . , T − t. This notation might be a little confusing - one could also
write ãt+j as at+j,t.

• It follows that

Ẽtãt+j = ãt(st). (19.16)
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Application: Option Pricing:

• Example: European Call Option
(Owner has the right, but not the obligation to buy the stock at time T at a
price K)

• Owner will exercise if aT ≥ K. The value of the option at T is hence YT =
max(0, aT −K) ≡ (aT −K)+.

• Applying previous results, the price of the option at t > T is then

Yt = Ẽt

[
(aT −K)+

RtRt+1 · · ·Rt+T−1

]
(19.17)
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20 Equilibrium Asset Pricing

Lucas’ breakthrough on asset pricing (Econometrica 1978)

• So-called ‘one-kind-of-tree model’. Trees are durable, dividends (fruits) are not.
Each agent owns one tree at time 0.

• Dividend follows a Markov process and is the only state variable of the economy.

• An asset-pricing model has the following features:

1. It is a dynamic economy.

2. Specified preferences, technology and endowments.

3. Equilibrium is competitive
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• Equilibrium intertemporal consumption allocation then satisfies:

Etu
′(ct+1) = (βR)−1u′(ct).

Etβ(yt+1 + pt+1)
u′(ct+1)

u′(ct)
= pt.

• Equate consumption that appears in the Euler equation to the equilibrium
consumption derived in the first step. This procedure will give the asset price
at t as a function of the state of the economy at t.

u′(yt)R
−1
t = Etβu

′(yt+1),

u′(yt)pt = Etβ(yt+1 + pt+1)u′(yt+1).
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21 Stock Prices without Bubbles

• Using recursions on the previous equation and the law of iterated expectations
(EtEt+1(·) = Et(·)), we arrive at the equilibrium share price:

u′(yt)pt = Et

∞∑

j=1

βju′(yt+j)yt+j + Et lim
k→∞

βku′(yt+k)pt+k. (21.1)

• Market clearing implies that the last term must be zero (agents must be willing
to hold their trees forever).

• Would it be positive, then the marginal utility from selling shares, u′(yt)pt,
exceeds the marginal utility loss of holding the asset forever and consuming the
future stream of dividends, Et

∑∞
j=1 β

ju′(yt+j)yt+j. Then, everybody would
like to sell shares and asset prices would immediately be driven down.

• The same arguments holds vice versa: If the term is negative, all agents would
like to purchase more shares and the price would soar.
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• Hence, in equilibrium, the price must satisfy

pt = Et

∞∑

j=1

βj
u′(yt+j)

u′(yt)
yt+j, (21.2)

which is a generalization of equation (18.6).
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22 The Term Structure of Interest Rates

Consider there are two zero-bonds with maturity of 1 and 2 years, respectively. The
law of motion for wealth is then

ct + R−1
1t L1t + R−1

2t L2t + ptNt ≤ At, (22.1)

At+1 = L1t + R−1
1t+1L2t + (pt+1 + yt+1)Nt. (22.2)

Hence the Bellman equation for this problem is:

v(At, st) = max
L1t,L2t,Nt

{
u[At −R−1

1t L1t −R−1
2t L2t − p(st)Nt]

+βEtv(L1t + R−1
t+1L2t + [p(st+1) + yt+1]Nt, st+1)

}
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The first-order conditions are:

u′(ct)R
−1
1t = βEtv1(At+1, st+1), (22.3)

u′(ct)R
−1
2t = βEt

[
v1(At+1, st+1)R−1

1t+1

]
. (22.4)

Applying the envelope theorem and setting ct = yt = st, the equilibrium rates of
return equal

R−1
1t = βEt

[
u′(st+1)

u′(st)

]
≡ R1(st)

−1 (22.5)

R−1
2t = βEt

[
u′(st+1)

u′(st)
R−1

1+1

]
≡ β2Et

[
u′(st+2)

u′(st)

]
≡ R2(st)

−1 (22.6)
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Because of the Markov assumptions, interest rates can be written as time-invariant
functions of the economy’s current state st.
The general expression of (22.6) is as follows:

R−1
jt = βjEt

[
u′(st+j)

u′(st)

]
. (22.7)

This rate is not annualized and smaller than 1. If we invert and exponentiate with
(·)1/j, we get the yield to maturity of a zero coupon bond:

R̃jt = R
1/j
jt = β−1

{
u′(st)[Etu

′(st+j)]
−1
}1/j

(22.8)

If dividends are i.i.d. over time, the yields to maturity for a j-period and a k-period
bond are then related as follows:

R̃jt = R̃kt

{
u′(st)[Eu

′(s)]−1
}k−j

kj
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The term structure of interest rates is thus upward sloping whenever u′(st) <
Eu′(s) - agents have a relatively high level of consumption and a correspondingly
low level of marginal utility of consumption. Hence, agents would like to save for the
future.

Classical theory of term structure: long-term interest rates should be determined
by expected future short-term interest rates.
Recall that E(x× y) = E(x)E(y) + cov(xy). Hence derive from (22.5) and (22.6):

R−1
2t = βEt

[
u′(st+1)

u′(st)

]
EtR

−1
1t+1 + covt

[
β
u′(st+1)

u′(st)
, R−1

1t+1

]

= R−1
1t EtR

−1
1t+1 + covt

[
β
u′(st+1)

u′(st)
, R−1

1t+1

]
. (22.9)

This is a generalization of the pure expectations theory, adjusted for the risk premium
covt(·). The pure expectations theory hence only holds when utility is linear. Then,
R1t is constant and equal to β−1, and the covariance term is zero.
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23 State-contingent Prices

The price of a j-steps-ahead state-contingent claim is

Qj(sj|s) = βj
u′(sj)

u′(s)
f j(sj, s), (23.1)

where the j-step ahead transition function obeys

f j(sj, s) =

∫
f (sj, sj−1)f j−1(sj−1, s)dsj−1. (23.2)

Furthermore,

prob{st+j ≤ s′|st = s} =

∫ s′

−∞
f j(w, s)dw.
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23.1 Insurance Premium

Let qα(s) be the price in current consumption of a claim on one unit of consumption
next period, contingent on the event that the next period’s dividends fall short of α.
Hence, we can write this claims value as

qα(s) = β

∫ α

0

u′(s′)

u′(s)
f (s′, s)ds′. (23.3)

Upon noting that
∫ α

0

u′(s′)f (s′, s)ds′ = prob{st+1 ≤ α|st = s}E{u′(st+1)|st+1 ≤ α, st = s},

we can present the preceeding equation as

qα(s) =
β

u′(s)
prob{st+1 ≤ α|st = s}E{u′(st+1)|st+1 ≤ α, st = s}. (23.4)

In the special case of risk neutrality, this collapses to

qα(s) = βprob{st+1 ≤ α|st = s}.
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Hence, if the representative consumer is risk-averse (u′′(·) < 0), and when st > α,
the price for the claim exceeds its ‘actuarially fair’ price (its discounted expected pay-
off).

Another way of writing (23.3) is

1 =
β

u′(st)
E[u′(st+1)Rt(α)|st], (23.5)

where

Rt(α) =

{
0 st+1 > α
1/qα(st) st+1 ≤ α
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23.2 Man-made Uncertainty

Assume there is a lottery that pays ω where ω has the probability density h(ω, s′, s).
Quantities are negative if the agent is selling lottery tickets. Then, the price of lottery
tickets is given by

qL(s) = β

∫ ∫
u′(s′)

u′(s)
ωh(ω, s′, s)f (s′, s)dωds′. (23.6)

If ω and s′ are independent, the price of a lottery ticket can be expressed as

qL(s) = β

∫
u′(s′)

u′(s)
f (s′, s)ds′ ×

∫
ωh(ω, s′, s)dω = R(s)−1E{ω|s}. (23.7)

Hence, the price of a lottery ticket is the expected payoff times the sure claim. In
a competitive market, there is no way one can impose excess risk on others, and no
risk premium need be charged for risks not borne.
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23.3 The Modigliani-Miller Theorem

The Modigliani-Miller Theorem (1958) asserts conditions, under which the firm’s
value is independent of its capital structure (debt vs equity).
Assume that a firm issues bonds that pay rB to its holders. r is chosen such that the
payout to bond holders is less than all possible realizations of future crops yt+j. After
the bond holders receive the interest payment, equity holders get the residual income.

Hence the dividend of an issued share: (yt+j − rB)/N .

Using the state-contingent claim formula, bonds and equity are priced as follows:

pBt =

∞∑

j=1

∫
rQj(st+j|st)dst+j, (23.8)

pNt =

∞∑

j=1

∫
yt+j − rB

N
Qj(st+j|st)dst+j. (23.9)
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pBt B + pNt N =

∞∑

j=1

∫
yt+jQj(st+j|st)dst+j. (23.10)

Hence, the firm’s total value - its equity plus its debt - is independent of r and of the
number of bonds and equity outstanding, which is in essence the Modigliani-Miller
proposition.
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24 Government Debt

The Ricardian Proposition

• Bottom line of the statement: Given a stream of government expenditures, tax
financing and bond financing is equivalent.

• Intuition: As individuals have an infinite planing horizon, they anticipate that
the taxes that are not paid today are the taxes that will have to be paid
tomorrow.

• The formal proof involves some tedious math. If you’re interested in the proof,
see Sargent/Ljunqvist pages 413-419.

24 GOVERNMENT DEBT 50



25 Interpretation of Risk-Aversion Parameter

• Precise idea of risk-aversion important for equity-premium puzzle

• Most commonly used utility function in asset pricing literature: CRRA

U(c) =
c1−γ

1− γ,

where

γ =
−cu′′(c)
u′(c)

.
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The standard way to model risk-aversion experimentally is to use the certainty-
equivalent rationale. Following Pratt, consider the fair gamble yielding either +y or
−y. Then, we want to find the function π(y, c) that solves

u[c− π(y, c)] = .5u(c + y) + .5c(c− y). (25.1)

For given values of c and y, the non-linear function π(·) can be solved for. Alterna-
tively, for small values of y, the Taylor series expansion yields

u(c− π) = u(c)− πu′(c) + O(π2), (25.2)

where O(·) is at most of order (·), whereas o(·) is of smaller order than (·). Taking
a Taylor series expansion of u(c + ỹ) gives

u(c + ỹ) = u(c) + ỹu′(c) +
1

2
ỹ2u′′(c) + O(ỹ3), (25.3)

where ỹ is the random variable that takes value y with probability .5 and −y with
probability .5.
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Taking expectations gives

Eu(c + ỹ) = u(c) +
1

2
y2u′′(c) + σ(y2) (25.4)

Equating (25.2) and (25.4) and ignoring higher order terms gives

π(y, c) ≈ 1

2
y2

[−u′′(c)
u′(c)

]
.

For the constant relative risk-aversion utility function, we have

π(y, c) ≈ 1

2
y2γ

c
.

This can be expressed as

π/y =
1

2
γ(y/c). (25.5)

The left-hand side is the premium the consumer is willing to pay to avoid a fair bet
of size y. The right-hand side is one-half γ times the ratio of the bet y to the inictial
level of consumption.
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The equity premium puzzle 393

Taking a Taylor series expansion of u(c + ỹ) gives

u (c + ỹ) = u (c) + ỹu! (c) +
1

2
ỹ2u!! (c) + O

!
ỹ3

"
, (13.11.3)

where ỹ is the random variable that takes value y with probability .5 and !y with

probability .5. Taking expectations on both sides gives

Eu (c + ỹ) = u (c) +
1

2
y2u!! (c) + o

!
y2

"
. (13.11.4)

Equating formulas (13.11.2) and (13.11.4) and ignoring the higher order terms gives

! (y, c) " 1

2
y2

#!u!! (c)
u! (c)

$
.

For the constant relative risk-aversion utility function, we have

! (y, c) " 1

2
y2 "

c
.

This can be expressed as

!/y =
1

2
" (y/c) . (13.11.5)

The left side is the premium that the consumer is willing to pay to avoid a fair bet

of size y ; the right side is one-half " times the ratio of the size of the bet y to his

initial consumption level c .

Table 10.1 Risk premium !(y, c) for various values of y and "

" \ y 10 100 1,000 5,000
2 .02 .2 20 500
5 .05 5 50 1,217
10 .1 1 100 2,212

Following Cochrane (1997), think of confronting someone with initial consumption

of $50,000 per year with a 50–50 chance of winning or losing y dollars. How much

would the person be willing to pay to avoid that risk? For c = 50, 000, we calculated

! from equation (13.11.1) for values of y = 10, 100, 1, 000, 5, 000. See Table 10.1. A

common reaction to these premiums is that for values of " even as high as 5, they

are too big. This result is one important source of macroeconomists’ prejudice that

" should not be much higher than 2 or 3.

The table indicates the values of the risk-premium for someone with an endowment
of 50′000. It is commonly argued that values for γ above 2 or 3 should not occur.
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26 The Equity Premium Puzzle

Mehra and Prescott (1985) describe an empirical problem for the representative agent
model of this chapter. For plausible parametrizations of the utility function, the
model cannot explain the large differentials in average yields on relatively riskless
bonds and risky equity in the US data over the ninety-year period 1989-1978.
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13.12. The equity premium puzzle

Mehra and Prescott (1985) describe an empirical problem for the representative agent

model of this chapter. For plausible parameterizations of the utility function, the

model cannot explain the large di!erential in average yields on relatively riskless

bonds and risky equity in the U.S. data over the ninety-year period 1889–1978, as

depicted in Table 10.2. The average real yield on the Standard & Poor’s 500 index

was 7 percent, while the average yield on short-term debt was only 1 percent. As

pointed out by Kocherlakota (1996a), the theory is qualitatively correct in predicting

a positive equity premium, but it fails quantitatively because stocks are not su"ciently

riskier than bonds to rationalize a spread of 6 percentage points.20

Table 10.2 Summary statistics for U.S. annual data, 1889-1978

Mean Variance-Covariance
1 + rs

t+1 1 + rb
t+1 ct+1/ct

1 + rs
t+1 1.070 0.0274 0.00104 0.00219

1 + rb
t+1 1.010 0.00308 !0.000193

ct+1/ct 1.018 0.00127

The quantity 1 + rs
t+1 is the real return to stocks, 1 + rb

t+1 is the real return to

relatively riskless bonds, and ct+1/ct is the growth rate of per capita real consumption

of nondurables and services.

Source: Kocherlakota (1996a, Table 1), who uses the same data as Mehra and Prescott

(1985).

Rather than calibrating a general equilibrium model as in Mehra and Prescott

(1985), we proceed in the fashion of Hansen and Singleton (1983) and demonstrate

the equity premium puzzle by studying unconditional averages of Euler equations

under assumptions of lognormal returns. Let the real rates of return on stocks and

bonds between periods t and t+1 be denoted 1+ rs
t+1 and 1+ rb

t+1 , respectively. In

our Lucas tree model, these numbers would be given by 1 + rs
t+1 = (yt+1 + pt+1)/pt

and 1 + rb
t+1 = R1t . Concerning the real rate of return on bonds, we now use time

subscript t + 1 to allow for uncertainty at time t about its realization. Since the

numbers in Table 10.2 are computed on the basis of nominal bonds, real bond yields

20 For recent reviews and possible resolutions of the equity premium puzzle, see
Aiyagari (1993), Kocherlakota (1996a), and Cochrane (1997).
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We will now allow for uncertainty of interest rates (inflation risk) and thus rewrite
the asset Euler equations as

1 = βEt

[
(1 + rit+1)

u′(ct+1)

u′(ct)

]
, (26.1)

for i = s, b.

Exogenous stochastic processes for both endowments (consumption) and rates of
return are now assumed. Hence:

ct+1

ct
= c̄∆exp{εc,t+1 − σ2

c/2}, (26.2)

1 + rit+1 = (1 + r̄i)exp{εi,t+1 − σ2
i /2}, i = s, b. (26.3)

The variables εc,t+i, εs,t+i and εb,t+i are jointly normally distributed with zero means
and variances {σ2

c , σ
2
s, σ

2
b}.
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For the CRRA-case, substituting into (26.2) and (26.3) yields

1 = βE

[
(1 + rit+1)

(
ct+1

ct

)−γ]

= β(1 + r̄i)c̄−γ∆ E{exp[εi,t+1 − σ2/2− γ(εc,t+1 − σ2
c/2)]}

= β(1 + r̄i)c̄−γ∆ exp[(1 + γ)γσ2
c/2− γcov(εi, εc)],

for i = s, b. (26.4)

Taking logarithms of both sides yields

log(1 + r̄i) = −log(β) + γlog(c̄∆)− (1 + γ)γσ2
c/2 + γcov(εi, εc), i = s, b. (26.5)
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Finally, the equity premium can be derived from (26.5) as follows:

log(1 + r̄s)− log(1 + r̄b) = γ[cov(εs, εc)− cov(εb, εc)]. (26.6)

Using log(1+r) ≈ r and noting that the covariance between consumption growth
and real yields on bonds is virtually zero, the theory’s interpretation of the historical
equity premium can be written as

r̄s − r̄b ≈ γcov(εs, εc). (26.7)

After calibrating cov(εs, εc) with the actual data, this equation states that an
equity premium of 6 percent requires a γ of 27. Values of γ above 10 are believed to
imply unplausible behavior of individuals by the vast majority of economists. This
constitutes the equity premium puzzle.

Mehra and Prescott (1985) and Weil (1989) point out that an additional part of
the puzzle relates to the low historical mean of the riskless rate of return. According
to (26.5) for bonds, a high γ is needed to rationalize an average risk-free rate of only
1 precent given historical consumption data and the standard assumption that β is
less than 1.

26 THE EQUITY PREMIUM PUZZLE 58



27 The Market Price of Risk

The equity premium implies a very high market price of risk. Let qt be the time t
price of an asset bearing a one-period payoff pt+1. A household’s Euler equation for
holdings of this asset can e represented as

qt = Et(mt+1pt+1), (27.1)

where mt+1 = βu′(ct+1)
u′(ct)

serves as a stochastic discount factor for discounting the

stochastic payoff pt+1.
Using the definition of a conditional covariance, equation (27.1) can be written as

qt = Etmt+1Etpt+1 + covt(mt+1, pt+1). (27.2)
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Applying the Cauchy-Schwarz inequality to the covariance term in the preceding
equation gives

qt
Etmt+1

≥ Etpt+1 −
(
σt(mt+1)

Etmt+1

)
σt(pt+1). (27.3)

The bound in (27.3) is attained by securities that are on the efficient mean-standard
deviation frontier.
Etmt+1 is the reciprocal of the gross one-period risk-free return. Hence, the left-hand
side in (27.3) is the price of a security relative to the price of a risk free security.
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Hansen & Jagannathan (1991) used, among others, asset prices and returns alone
to estimate the market price of risk, without imposing the link to consumption data
implied by any particular specification of a stochastic discount factor. Their version
of the equity premium puzzle is that the market price of risk implied by the asset
market is much higher than can be reconciled with the aggregate consumption data.

Aggregate consumption is not volatile enough to make the standard deviation of
the object high enough for the reasonable values of γ that we have discussed.
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28 Hansen-Jagannathan bounds

Our previous analysis described a theory that prices assets in terms of a particular

“stochastic discount factor”; mt+1 = βu
′(ct+1)
u′(ct)

. H&J developed a more general model:

• Let xj be a random payoff on a security. Let ther be J basic securities, so that
j = 1, . . . , J .

• x ∈ RJ : Random vector of payoffs on the basic securities.

• Assume the J × J matrix Exx′ exists.

• c ∈ RJ : vector of portfolio weights. Hence, return on portfolio is c · x.
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Next, define the space of payouts attainable from portfolios of the basic securities:

P ≡ {p : p = c · x for some c ∈ RJ}.

We seek a price functional π mapping P into R. q - the price vector of the portfolios
- is observed. By the law of one price, it follows that

c · q = π(c · x).

Two portfolios with the same payoff must have the same price:

π(c1 · x) = π(c2 · x) if c1 · x = c2 · x.
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Inner Product Representation of the Pricing Kernel

A stochastic discount factor y is a scalar random variable y that makes the following
equation true:

π(p) = E(yp) ∀p ∈ P. (28.1)

The vector of prices of the primitive securities, q, for example satisfies

q = E(yx) (28.2)

The law of one price implies that the pricing functinoal is linear and consequently
there exists a stochastic discount factor (in fact, there exist many stochastic discount
factors). Note that

cov(y, p) = E(yp)− E(y)E(p),

which implies that the price functional can be represented as

π(p) = E(y)E(p) + cov(y, p).

Hence, the price of a portfolio equals the expected return times the expected discount
factor plus the covariance between return and discount factor.
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The expected discount factor is simply the price of a sure scalar payoff of unity:

π(1) = E(y).

Note that linearity of the pricing functional leaves open the possibility that prices of
some portfolios are negative, which would open arbitrage opportunities.

28 HANSEN-JAGANNATHAN BOUNDS 65



Classes of Stochastic Discount Factors

Our previous analysis typically advocated the particular stochastic discount factor

y = mt ≡
βu′(ct+1)

u′(ct)
(28.3)

Hansen and Jagannathan wanted to approach the data with a class of stochastic
discount factors. To begin, Hansen and Jagannathan noted that one candidate for a
stochastic discount factor is

y∗ = x′(Exx′)−1q. (28.4)

Besides, many other stochastic discount factors work, in the sense of pricing the
random returns x correctly, that is, recovering q as their price. It can be verified that
any other y that satisfies y = y∗ + e is also a stochastic discount factor, where e is
orthogonal to x.
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A Hansen-Jagannathan bound

H & J wanted to infer properties of y while imposing no more structure than linearity
of the pricing functional. They constructed bounds on the first and second moments
of stochastic discount factors y that are consistent with a given distribution of payoffs.

Let y be an unobserved stochastic discount factor. It can be represented in terms of
the population linear regression

y = a + x′b + e, (28.5)

where e is orthogonal to x and

b = [cov(x, x)]−1cov(c, y), a = Ey − Ex′b.

As y is unknown, cov(x, y) is unknown. However, notice that q = E(yx) implies
cov(x, y) = q − E(y)E(x). Hence

b = [cov(x, x)]−1[q − E(y)E(x)]. (28.6)

28 HANSEN-JAGANNATHAN BOUNDS 67



Thus, given a guess about E(y), asset returns and prices can be used to estimate b.
Because the residuals in equation (28.5) are orthogonal to ,

var(y) = var(x′b) + var(e).

Therefore

[var(x′b)].5 ≤ σ(y). (28.7)

This is the lower bound on the standard deviation of all stochastic discount factors.

If there is a risk-free asset providing a non-stochastic return of zRF , it follows that
E(yzRF ) = zRFEy = 1, and thus Eu is a known constant. If there is no risk-free
asset, one can calculate a different bound for every specified value of E(y).
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Second, take a case where E(y) is not known because there is no risk-free asset.
Suppose the data consists of excess returns. Let xs be the return on a stock portfolio
and xb the return on a bond portfolio. Let z = xs − xb. Then

E[xy] = 0.

Thus, for an excess return, q = 0, so the formula becomes

b = −[cov(z,z)]−1E(y)E(z).

Then

var(z′b) = E(y)2E(z)′
[
cov(z, z)−1

]
E(z). (28.8)

Therefore, the Hansen-Jagannathan bound becomes

σ(y) ≥
[
E(z)′cov(z, z)−1E(z)

].5
E(y). (28.9)
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In the special case of a scalar excess return, (28.9) becomes

σ(y)

E(y)
≥ E(z)

σ(z)
. (28.10)

The left side is called the market price of risk. The market price of risk is hence
at least E(z)

σ(z) . This ratio determines a straight-line frontier in the [E(y), σ(y)] plane

above which the stochastic discount factor must reside.

For a set of returns, q = 1 and equation (28.6) becomes

b = [cov(x, x)]−1[1− E(y)E(x)]. (28.11)

The bound is computed by solving this equation and noting
√
b′cov(x, x)b ≤ σ(y) (28.12)
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The Mehra-Prescott Data

406 Chapter 13: Asset Pricing
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Figure 13.14.2: U.S. annual consumption growth, 1889–1979.

a high value of γ to bring the stochastic discount factor within the bounds for these

data. This is Hansen and Jagannathan’s statement of the equity premium puzzle.
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Figure 13.14.3: Hansen-Jagannathan bounds for excess return of

stock over bills (dotted line) and the stock and bill returns (solid

line), U.S. annual data, 1889–1979.
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On the previous chart, mean and standard deviation of candidate discount factors
for γ = 0 (the square), γ = 7.5 (the circle), γ = 15 (diamonds are forever) and
γ = 22.5 (the triangle). It takes a very high value of γ to bring the bound of the
stochastic discount factor within the bounds for the data. This is the Hansen and
Jagannathan statement of the equity premium puzzle.
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