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Problem Set 3

Exercise 3.1: Neoclassical growth in discrete time: a closed form solution

Consider a version of the neoclassical growth model with Greenwood, Hercowitz, and
Huffman (AER, 1988) preferences and 100% physical capital depreciation

max U =
∞

∑
t=0

βt
(
Ct − ψNθ

t
)1−σ − 1

1− σ
, θ > 1, ψ > 0, σ > 1,

subject to the resource constraint

Kt+1 = Yt − Ct

Yt = AKα
t N1−α

t , 0 < α < 1,

where K0 > 0 is given. The parameter 0 < β < 1 denotes the representative agent’s
discount factor, Ct is aggregate consumption, Kt aggregate physical capital, Nt aggregate
labor supply, Yt aggregate production, A total factor productivity in production, α is
the aggregate income share from physical capital, θ relates to the Frisch elasticity of
labor supply, ψ is a measure for the weight of leisure relative to consumption in the
utility function, and σ relates inversely to the intertemporal substitution elasticity of
consumption.

(a) State the Lagrangian and derive the first-order conditions for the planner’s prob-
lem of this economy.

(b) In the competitive equilibrium that corresponds to this planner solution, wages
would be given by

Wt = (1− α)A(Kt/Nt)
α.

Use the intra-temporal optimality conditions to show that the labor supply is a
function of the wage only and therefore independent of the agents’ wealth (The
absence of wealth effects comes from the GHH preference specification and makes
the model tractable). In addition compute the Frisch elasticity of the labor supply.

(c) Let σ→ 1 for the rest of this exercise. Derive the consumption Euler equation, then
show that ψθNθ

t = (1− α)Yt and verify the guess that consumption is proportional
to output, Ct = µYt (where µ is a constant that you will have to determine). Char-
acterize all equilibrium variables in period t as explicit functions of the physical
capital stock Kt.

(d) Show that the solution satisfies the transversality condition

lim
t→∞

βt
(

Ct − ψNθ
t )
)−1

Kt+1 = 0.
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(e) Introduce exogenous technical progress into the model

Kt+1 = AKα
t (XtNt)

1−α − Ct

Xt+1 = (1 + γ)Xt, X0 > 0, γ > 0.

Is there a feasible balanced growth path for this economy? (hint: check whether
labor supply Nt (which cannot exceed the constant time endowment) is constant
when capital grows at the trend growth rate γ.)
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Exercise 3.2: Value function iteration with paper and pencil

Consider the following version of the neoclassical growth model in discrete time

V(k) = max
c≥0,k′≥0

log(c) + βV(k′) s.t. c + k′ ≤ kα + (1− δ)k,

where V(k) is the value function, c denotes consumption, k the physical capital stock,
δ is the depreciation rate of capital, and α is the capital income share of the economy.
Variables with primes denote on period forward variables (for example, if k = kt then
k′ = kt+1), this notation reflects that fact that the Bellman equation is independent of
calendar time.

(a) Assume that depreciation is 100% and that the resource constraint holds with
equality. Start with the guess that the value function is V0(k) = 0. Update your
guess by iterating on the the Bellman equation

V j+1(k) = max
0≤k′≤kα

log(kα − k′) + βV j(k′), j = 0, 1, . . . ,

and show that the value function converges to V j+1(k) = A + B log(k) as j → ∞.
Pin down the value of B.

(b) Use the stationary Bellman equation

V(k) = max
k′≥0

log(kα − k′) + β
[
A + B log(k′)

]
,

to show that

g(k) = αβkα

A =
1

1− β

[
log(1− αβ) +

αβ

1− αβ
log(αβ)

]
,

where

g(k) = arg max
k′≥0

log(kα − k′) + β
[
A + B log(k′)

]
.

3/3


