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1 Risk Sharing in a two-agent economy
Consider an economy populated by two agents, i = 1, 2. Each agent i re-
ceives a stochastic endowment stream {yit(st)}∞t=0 of a non-storable good. For
simplicity, assume that the aggregate endowment is constant and normalized
to one, implying that y2t (st) = 1 − y1t (st). In addition, assume that in each
period there are only two possible states of nature, defined by

y1t (st) =

{
yh if st = 0

yl if st = 1

where 0 < yl < yh < 1.
The two agents order allocations according to the following expected util-

ity function

U i =
∞∑
t=0

∑
st

βtπt(s
t) ln cit(s

t)

where 0 < β < 1.

1



1. Assume that in the first period (t = 0) agents can trade a full set of
date-t, history-st contingent securities, or Arrow-Debreu securities. Set
up the agents’ problem, given the initial state s0. Derive the first-order
conditions for a solution of the agents’ problem.

2. Provide a definition of a competitive equilibrium for this economy.

3. Show that in the competitive equilibrium the level of consumption of
each of the two agents is constant over time.

4. Suppose now that the state st is i.i.d. over time and let π denote the
probability of st = 0 and 1 − π the probability of st = 1. Show that
the level of consumption of agent 1 depends on his endowment in the
first period. How does the level of consumption of agent 1 depend on
the probability π? Explain.

5. Suppose that agent 1 has now a discount factor equal to γβ, where
γ < 1.

(a) Describe the behavior of agent 1’s consumption in the long-term,
i.e. as t→∞.

(b) Assume that in any period t agent 1 is given the option to default
on his financial obligation. For example, in the Arrow-Debreu
economy, these obligations are deliveries of goods conditional on a
particular history. Upon default, it is assumed that the agent has
to consume his endowment forever. Would the agent ever want to
exercise her option to default?

Labor supply
Consider a model in which there are two periods (1, 2) and a unit mass of
identical agents. There are two states, G and B in period 2. The state turns
out to be G with probability p (thus, state B happens with probability 1−p).
Each agent receives labor income e1 in period 1 and eG2 and eB2 in period 2
in states G and B respectively. All households maximize the same utility
function

U = E{ c
1−γ
1

1− γ
+ β

c1−γ2

1− γ
},

where γ ≥ 0 and 0 < β ≤ 1. Markets are competitive and complete. Make
sure that you explain and interpret all your result (precisely !!).
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1. Assume that markets are competitive and complete. That is all state
contingent assets are available. All assets are in zero net-supply. What
is consumption ct,i in period t in state i (in total 3 consumption levels)?

2. State the household decision problem when all state contingent assets
are available. Compute the state-contingent prices which support the
equilibrium. (Normalize the price at period 1 to be unit.) Compute
also the return of a risk-less real bond.

3. Assume now that markets are not complete but that households can
only buy a bond which pays an interest 1 + r and is also in zero net-
supply. What is the equilibrium interest rate 1 + r? Compare this
result to the interest rate computed before when markets are complete.

4. Assume again that markets are complete. But now assume that house-
holds make a labor decision that is utility equals

U = E{ c
1−γ
1

1− γ
− Ah1 + β(

c1−γ2

1− γ
− Ah2)},

where h is labor supply. Productivity in the first period equals 1, is
equal to zG > 1 in the second period in state G and equal to zB < 1
in the second period in state B, where pzG + (1− p)zB = 1. Compute
labor supply and consumption in both periods and all states (so 3 labor
and 3 consumption levels). Compute the state-contingent prices which
support the equilibrium. (Normalize the price at period 1 to be unit.)

5. Assume now a small open economy that is households can buy as many
bonds as they want with return 1+r = 1/β in world financial markets.
What can you say about labor supply?

2 Bubbles and overlapping generations
Consider an endowment economy with overlapping generations. The popu-
lation is constant over time. Agents have preferences over their consumption
when young (cyt ) and old (cot+1):

u
(
cyt , c

o
t+1

)
=

(cyt )
1−γ

1− γ
+

(
cot+1

)1−γ
1− γ

.

Agents have endowments ωy = 1 when young and ωo = 1/2 when old.
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1. Assume first that there is only one asset in the economy each period – a
one-period bond in zero net supply. Write down the budget constraint
and solve for the competitive equilibrium (i.e., find the allocations of
consumption, bond holdings, and the rate of return on the bond).

2. One morning the old discover that each of them has a tree in their
backyard. Unfortunately, the tree has no fruits but the old still feel
three is reason to be happy.

(a) Show that the optimists are right, in the sense that now there ex-
ists two stationary equilibria (i.e., two steady states) – one where
the tree has zero value and one where the tree has a positive price
(i.e., a rational asset bubble). What is the interest rate in each of
these steady states? Provide a brief (!) intuition for why the price
of the tree can be positive even though the present value of the
dividends is zero.

(b) Can the different equilibria be Pareto ranked (i.e., is one a Pareto
imrpovement over the other)? Please explain.

3. Consider now an economy with positive amounts of fruit: d > 0. How
many steady states are there now, and what can now be said about
the interest rate? Based on your answer, please explain whether or not
the rational asset bubble theory can rationalize a bubble in the housing
market (assuming that the economy does not grow and that the owner
can live in the house).

4. Show that there exist a continuum of non-stationary equilibria where
the price of the tree is between the stationary prices calculated in
2a above. What happens to the price in the long run in these non-
stationary equilibria?
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