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1 Overlapping generations

Consider an overlapping generations economy with a constant population. House-
holds live for two periods and care about consumption when young and old.
Their utility function is given by

u
(
cy, co

)
= log

(
cy
)
+ β log (co)

Households supply one unit of labor when they are young and zero when old.
The size of the population of young is N = 1 so aggregate labor supply is also
N = 1. The production is function is

F (K, N) = KαN1−α,

and there is full depreciation of capital investments, δ = 1. Firms hire factor
inputs in competitive market for capital and labor.

1. Write down the budget constraint for the households and solve the indi-
vidual’s savings and consumption problem given prices.

2. Calculate the interest rate and the equilibrium wage rate as a function of
the capital stock per capita.

3. Assuming the economy is closed, solve for the steady state capital stock
and interest rate. Describe the dynamics of an economy that starts with a
capital stock below the steady state.

4. Under what conditions on preferences and technology would the net in-
terest rate become negative (i.e., 1 + r < 1)?

5. Suppose the government decided to introduce a pay-as-you-go pension
system, taxing the young and transfering to the old. Explain why such
policy can be Pareto improving if and only if the equilibrium steady-state
interest rate is negative.

6. Assume that the equilibrium steady-state interest rate is negative. Among
the possible Pareto improving pension systems, how would the optimal
pension system structure consumption for the old and the young in this
economy with zero technological growth and zero population growth?
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2 Asset Pricing/Complete Market/Bellman Equations

Consider a model in which there are three periods denoted by t = 0, 1, 2, and
a unit mass of identical agents. There is risk about the realization of the state
st ∈ {sG, sB} in period 1 and 2. Each state realization occurs with probability
π(st) independent of calendar time. Note that since we have only two states,
π(sG) = 1 − π(sB). Each agent is endowed with a tree at the beginning of
period 0, which gives the right to collect its dividends dt(st), in periods t = 1, 2
if the corresponding state, st, realizes. Agents also receive a riskless endowment
et in each period and have the same preferences over consumption

EU =
c1−γ

0
1− γ

+ E
{

β
c1(st)1−γ

1− γ
+ β2 c2(st)1−γ

1− γ

}
,

=
c1−γ

0
1− γ

+
2

∑
t=1

∑
st∈St

βtπ0
t (s

t)
ct(st)1−γ

1− γ
,

where γ ≥ 0 denotes the relative risk aversion and 0 < β ≤ 1 the objective
discount factor of agents. Markets are competitive and financial markets are
complete. For each risky period, t = 1, 2, there exists an Arrow security, at(st)
for each history of states, st = (s0, ..., st) = (st−1, st). The state-by-state budget
constraints of the agents read

c0 +
2

∑
t=1

∑
st∈St

q0
t (s

t)at(st) = e0

c1(s1) = e1 + a1(s1) + d1(s1), ∀s1 ∈ S1,

c2(s2) = e2 + a2(s2) + d2(s2), ∀s2 ∈ S2.

Note that in period 1 there are two possible realizations of history, s1 = (s0, s1),
and in period 2 there are four possible realizations of the history, s2 = (s1, s2),
as st ∈ {sG, sB} for t = 1, 2.

(a) Compute the equilibrium level of consumption ct(st) for every possible
history of realized states, st, in every period t, as well as the price of the
Arrow securities, q0

t (s
t), in periods t = 1, 2. (Hint: you can base your

answer on the fact that the period-by-period budget constraints can be
summarized as

c0 − e0 +
2

∑
t=1

∑
st∈St

q0
t (s

t)
[
ct(st)− (et + dt(st))

]
= 0,

a result that follows from the complete markets assumption.)
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(b) Compute the price of the tree in period 0, p0 ≡ p0(s0), and the prices
of the tree in period 1, p1(s1). (Hint: the dividend payments of the tree
are equivalent to buying a linear combination of Arrow securities for each
state. So, you can use the prices of the Arrow securities to price the tree.)

(c) Compute the price of a one period risk-free discount bond in period 0,
p f

0(s0), and the one-period discount bond prices p f
1(s

1) in period 1. (Hint:
same here, use the Arrow security prices to price the discount bond.)

Assume in parts (d,e,f) the following specification of endowments and div-
idends: (e0, e1, e2) = (1, 0, 1) and d1(s1) = 1, d2(sG) = 4, d2(sB) = 0. Further-
more suppose that the probability of each state is symmetric, π(sG) = π(sB) =
1/2, and that there is not discounting of time, β = 1.

(d) Show that there is no equity premium in period 0,

R f
0 ≡ 1/p f

0 =
1
2 [p1(s0, sG) + d1(sG)] +

1
2 [p1(s0, sB) + d1(sB)]

p0
≡ R0.

(the expected return on the risk-free bond, R f
0 and the tree, R0, are the

same) and explain why. Can a different combinations of period 2 prim-
itives (utility function, dividend, endowment) generate a positive pre-
mium?

(e) Suppose we want to find the value of γ which can generate an equity
premium such that:

R1(s0, sG)− R f
1(s

0, sG)

R f
1(s

0, sG)
= 2,

in period 1 of the good state (this is the history s1 = (s0, sG)). Or, the
equity premium is as high as twice of risk-free rate of return. Find the
value of γ.

(f) Suppose the endowment in the second period goes to infinity, e2 → ∞,
what are the prices for the risk-free bond and the tree? What is the equity
premium? Explain why.
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(g) Reformulate the above agent choice problem in recursive form using value
functions V0, V1 and V2. Note that there is one value function for each
period and that these value functions are different.

– Write down the value function V2 in period 2.

– Next write down the value function V1 in period 1.

– Next write down the value function V0 in period 0.

Remember to specify the arguments of the value function. Hint: This re-
quires to decide which variables are state variables and which variables
are choice variables.

3 Labor supply and incomplete markets

Consider a static economy where each individual i faces a stochastic and ex-
ogenous wage rate wi > 0, distributed with some density function f (w). In-
dividuals care about consumption c and labor supply h. Their utility function
is

u (c, h) = log
(
cy
)
+ φ log (1− h) .

1. Assume first that there is no insurance against the wage shock. Thus, con-
sumption must equal labor income for each individual; ci = wihi. Com-
pute optimal labor supply and show that all individuals work the same
number of hours.

2. Introduce complete markets. Assume that people can purchase insurance
before they know their wage realization. An insurance company offers fair
insurance (namely, the insurance company does not make profits). Solve
for competitive equilibrium labor supply and consumption [hint: use the
welfare theorems]

3. Explain the intuition for why with complete markets there is no inequality
in consumption but lots of inequality in hours worked, even though indi-
viduals could in principle have insured against dispersion in both con-
sumption and hours worked.

4. Define aggregate labor productivity as aggregate labor income per hour
worked. Calculate aggegate labor productivity under incomplete and com-
plete markets, respectively. Please give intuition for the findings.


