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ECON 5315- Recursive Macroeconomic Theory
Final Exam, May 15th, 2009

Before you start, please read the following:

� You have 24 hours to �nish this take-home exam.

� Please answer in English.

� Answer all questions and write brief and concise answers!

� Allocate time spent on each question wisely.

� Good style will not matter for grades, but please write clearly.

� Good luck!

1 Aiyagari Model (60%)

Consider the Aiyagari model. The economy is populated by a large number of
agents with total measure one. An agent solves

maxE0

1X
t=0

�tu (ct)

subject to

ct + at+1 � stwt + (1 + rt) at

ct � 0; at+1 � 0
a0 > 0 given

where rt is the real interest rate, wt is the real wage rate per e¢ ciency la-
bor. The labor productivity shock follow a �rst-order, N�state Markov process
fs1; s2; :::; sNg with transition probability � (st+1 = s0 j st = s). There is a large
number of agents who face the same shock process. The �rm has access to a
constant returns to scale production technology F (Kt; Nt) ; where Kt is aggre-
gate capital, which depreciate at a rate �; and Nt is aggregate labor in e¢ ciency
units.

1. Write the Bellman Equation for this problem. (10%)

2. De�ne a stationary recursive competitive equilibrium for this economy,
clearly distinguishing between individual and aggregate state variables.
(10%)
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3. What is the natural borrowing constraint? Can you think of a joint con-
dition on the period-utility u and on the transition matrix � such that the
natural borrowing constraint is never binding for the agent, even if agent
were allowed to borrow? (10%)

4. Suppose that the agent does not face any borrowing constraint. Does the
agent display precautionary saving behavior? Discuss. (10%)

5. Draw a graph for �mean asset holdings� under No Insurance (i.e. self-
insurance only) and Full Insurance (i.e. st = s �r all t;where s is the
average of labor productivity), under which the economy collapses to a
representative household setup. Show in the graph the magnitude of pre-
cautionary saving in both partial equilibrium (i.e. for any given interest
rate r < �) and general equilibrium. (10%)

6. What do you expect the model to perform in terms of wealth distribution,
compared with the U.S. data? Brie�y discuss. (10%)

2 Aggregation under Complete Market (40%)

Suppose there are two types of consumers distinguished by their initial endow-
ment of capital. In particular, type-1 consumers (who comprise fraction � of the
economy) are richer than type-2 consumers (who comprise fraction 1� � of the
economy): each type-1 consumer is endowed with k10 units of capital and each
type-2 consumer is endowed with k20 units of capital, where k

1
0 > k

2
0. The two

types of consumers are identical in all other aspects. Each consumer takes prices
as given (in particular, each consumer takes the aggregate, or total capital at
the beginning of period 1 as given when making saving decision at period 0).
The equilibrium condition is that the total saving of the two types of consumers
in period 0 must equal the aggregate capital stock that consumers take as given
when deciding how much to save.
Assume each consumer�s utility function take the form u (c0) + �u (c1) ; with
u (c) = log c: The production technology available to �rms is y = k�n1��; with
0 < � < 1; where y is �rm�s output and k and n are the services of capital and
labor, respectively (Since consumers do not value leisure, we normalize each
consumer�s labor endowment to 1; and n = 1 in each period)

1. Derive the equilibrium aggregate capital stock in period 1 as a function
of primitives (i.e. the parameters �; �; �; and the initial capital stock k10
and k20). (20%)

2. Use your result in question (1) to show that change in k10 and k
2
0 (i.e. the

initial distribution of capital) that keeps aggregate capital constant in pe-
riod 0 has no e¤ect either on equilibrium aggregate savings or equilibrium
prices. This is a version of aggregation theorem for this economy. Holding
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the total amount of capital in period 0 constant, the behavior of aggregate
in this economy does not depend on the distribution of capital in period
0: Explain which conditions make aggregation hold in this economy and
why. (15%)

3. Suppose that the utility function takes the form: u (c) = c1���1
1�� ; where

� > 0: Does an aggregation theorem like the one described in question (2)
hold in this economy? Explain why or why not. (5%)
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