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Mechanism Design: Review of Basic Concepts

Single Agent

We start with a review of incentive compatibility in the simplest possible

setting: A Principal is contracting with a single Agent. At the point of

contracting, the agent possesses private information θ ∈ Θ that is valuable

for deciding an allocation. In general,we will let allocations to be denoted by

a ∈ A, and we shall specialize to settings with money etc. as the need arises.

The two parties have preferences over the allocations parametrized by the

information of the agent;

uP (a, θ), uA(a, θ).

Often, we will assume that a = (x, t), where x is a physical allocation

(e.g. the amount of trade between the two parties) and t is a transfer from

the agent to the principal. Often we also assume that the payoff functions

are quasi-linear:

uP (a, θ) = vP (x, θ) + t, uA(a, θ) = vA(x, θ)− t.

In Principal-Agent models, we assume that the Principal has all the bar-

gaining power and the agent has autonomy over the use of her private in-

formation. Let F (θ) denote the prior distribution (of the Principal over the

types of the agent). We interpret the meaning of full bargaining to the prin-

cipal as follows: The Principal asks the agent to send a message (or report)

m ∈ M from some set M of allowed messages. She also commits to an

allocation ϕ(m) conditional on the report:

ϕ :M → ∆(A)).
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A pair (M,ϕ) is called a mechanism. A reporting strategy for the agent in is

a function

σ : Θ → ∆(M).

Since the agent has autonomy over her reports, she will maximize her own

utility over her reports: For an optimal reporting strategy σ∗,

σ∗(θ) ∈ argmax
m

uA(ϕ(m), θ)

for deterministic mechanisms, and

σ∗(θ) ∈ argmax
m

Eϕ(m)u
A(a, θ)

when ϕ(m) ∈ ∆(A).

In first year micro course, you saw that when deciding which allocation

rules, i.e. functions

ψ : Θ → ∆(A),

can be implemented (i.e. that can arise as equilibra for general mechanisms),

there is no loss of generality in restricting attention to the case whereM = Θ,

and the agent reports her type truthfully : For all θ,

σ∗(θ) = θ.

We say that the mechanism is incentive compatible if truthful reporting is

optimal for the agent.

This is called the Revelation Principle. Hence from this point onwards,

we will discuss settings where messages are reported types, i.e. M = Θ. Such

games are called direct mechanisms. The main question is when the agent

will have the right incentives to report truthfully. In other words, how can

we characterize allocation rules ϕ(m) such that for all θ,

θ ∈ argmax
m

uA(ϕ(m), θ),

and similarly for random mechanisms.
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Revenue Equivalence

For the remainder in this part, we concentrate on the incentives of the

agent, and therefore we drop the superscripts in the payoff functions. The

key result for characterizing the (equilibrium) maximized payoff to the agent

is the envelope theorem. We follow here closely the treatment in Milgrom &

Segal (2002).

We consider a family of parametrized optimization problems where the

objective functions are given by {f(x, θ)}θ∈Θ. The choice variable x ∈ X,

where X can be left quite general. The parameters set is assumed to be an

interval of the real line: Θ = [θ, θ]. It is crucial for the results that we obtain

to have connected parameter sets.

Let

V (θ) = sup
x∈X

f (x, θ) ,

and X∗ (θ) := argmaxx∈X f (x, θ) . A function x∗ (θ) is a selection from

X∗ (θ) if for all θ, x∗ (θ) ∈ X∗ (θ) .

Theorem 1 (Milgrom and Segal, 2002) Assume that

• f (x, ·) is absolutely continuous for all x ∈ X (and hence differentiable

for almost every θ).

• There exists an integrable b (θ) such that for all x ∈ X and almost every

θ,

|fθ (x, θ)| ≤ b (θ) .

• X∗ (θ) ̸= ∅ for all θ.

Then V (θ) is absolutely continuous, and for any selection x∗ (θ) from

X∗ (θ) , V ′ (θ) = fθ (x
∗(θ), θ) for almost every θ and therefore

V (θ) = V (θ) +

∫ θ

θ

fθ (x
∗(θ), s) ds.

Proof. i) V (θ) is absolutely continuous.
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|V (θ)− V (θ′)| =

∣∣∣∣sup
x
f (x, θ)− sup

x
f (x, θ′)

∣∣∣∣
≤ sup

x
|f (x, θ)− f (x, θ′)|

= sup
x

∣∣∣∣∫ θ

θ

fθ (x, s) ds

∣∣∣∣
≤

∫ θ

θ

sup
x

|fθ (x, s)| ds

≤
∫ θ

θ

b (θ) ds.

Hence V (θ) is absolutely continuous and

V (θ) = V (θ) +

∫ θ

θ

V ′ (θ) ds.

ii) V ′ (θ) = fθ (x
∗ (θ) , θ) for any selection x∗ (θ) from X∗ (θ) for almost

all θ.

Fix any selection x∗ (θ) . Then by definition of V (θ) :

V (θ) = f (x∗ (θ) , θ) ≥ f (x∗ (θ′) , θ) ,

V (θ′) = f (x∗ (θ′) , θ′) ≥ f (x∗ (θ) , θ′) ,

and therefore:

V (θ)− V (θ′) ≤ f (x∗ (θ) , θ)− f (x∗ (θ) , θ′) .

Consider the dividing this inequality by (θ − θ′) and taking the limits as

θ′ ↑ θ and θ′ ↓ θ respectively, we get

V ′ (θ−) ≤ fθ (x
∗ (θ) , θ) ,

V ′ (θ+) ≥ fθ (x
∗ (θ) , θ) .

Hence if V ′ (θ) exists, we have

V ′ (θ) = fθ (x
∗ (θ) , θ)
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whenever fθ (x
∗ (θ) , θ) exists. Hence

V (θ) = V (θ) +

∫ θ

θ

fθ (x
∗(θ), s) ds.

Notice that a simple sufficient condition for the theorem is that f (x, θ)

be Lipschitz continuous in θ uniformly over x, i.e. there is a B < ∞ such

that for all x ∈ X,

|f (x, θ)− f (x, θ′)| ≤ B |θ − θ′| .

To see that some uniform bound on the slope of the f (x, ·) is needed, note
that even if each f (x, θ) is arbitrarily smooth in θ, supx f (x, θ) may fail to

be continuous and hence the theorem fails.

To see how this connects to the mechanism design problem, consider the

family of functions {u (ϕ (m) , θ)}θ∈Θ . Let

V (θ) = sup
m∈Θ

u (ϕ (m) , θ) .

Incentive compatibility requires that θ ∈ m∗ (θ) for all θ. Hence we can

compute

V (θ) = V (θ) +

∫ θ

θ

uθ (ϕ (s) , s) ds.

If we have quasi-linear preferences and u (x, t, θ) = v (x, θ)− t, this simplifies

to

V (θ) = V (θ) +

∫ θ

θ

vθ (x (s) , s) ds.

By noting that V (θ) = v (x (θ) , θ)− t (θ) , we see that

t (θ) = v (x (θ) , θ)− V (θ)−
∫ θ

θ

vθ (x (s) , s) ds.

Hence apart from the additive constant V (θ) , the transfer from the agent in

any incentive compatible mechanism is uniquely pinned down by the physical

allocation function x (θ) . This is the Revenue Equivalence Theorem.
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To see that no such result is possible when the type sets are discrete, it

is sufficient to consider the problem of selling an indivisible good (i.e. x ∈
{0, 1}) to an agent with θ ∈ {0, 1}.Let v (x, θ) = xθ. Consider mechanisms

where the agent gets the good if and only if θ = 1. Then any (x (θ) , t (θ))

with x (θ) = θ, t (θ) = θp for p ∈ [0, 1] is incentive compatible and has the

same allocation function. The utility of θ = 0 is zero for all p, but the transfer

(and expected payoff) of θ = 1 depends on p. Hence Revenue Equivalence

Theorem fails.

Remark 1 This result generalizes to smoothly connected parameter sets Θ ⊂
Rk by considering parametrized single dimensional paths in the parameter set.
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Aside: Monotone Comparative Statics

You may recall from the first year courses some ideas of when parametrized

optimization problems have solutions that are monotonic in the parameter.

Given the prominence of these ideas in Mechanism Design problems, we

review some of the most basic concepts briefly here.

The simplest setting for such considerations is with a family of functions

{f(x, θ)}θ∈Θ, where x ∈ X is the choice variable for some X ⊂ R, and θ ∈ Θ

is a real-valued parameter for the problem: Θ ⊂ R.
The basic question here is to determine which properties of f ensure that

any selection from the set of optimal choices x(θ) ∈ X(θ) is a monotone

function. We focus on the case where x(θ) is increasing (or non-decreasing).

Definition 1 (Single Crossing) A function g : Θ → R is single crossing

if for all θ
′′
> θ

′
,

g(θ
′
) ≥ (>)0 =⇒ g(θ

′′
) ≥ (>)0.

Definition 2 (Strictly Single Crossing) A function g (s) is strictly sin-

gle crossing if for all θ′′ > θ′,

g(θ′) ≥ 0 =⇒ g(θ
′′
) > 0.

Definition 3 (Single Crossing Differences) A family of functions

{f(·, θ)}θ∈Θ has (strictly) single crossing differences if for all x′′ > x′, the

function

δ (θ) := f (x′′, θ)− f (x′, θ)

is (strictly) single crossing.

Notice that these are ordinal properties. It is a good exercise to show

that if {f(·, θ)}θ∈Θ has single crossing difference and h (x, θ) is increasing in

x, then {g(·, θ)}θ∈Θ where g (x, θ) := f (h (x, θ) , θ) has also single crossing

differences.

Definition 4 (Strictly Increasing Differences) A family of functions

{f(·, θ)}θ∈Θ has strictly increasing differences (SID) if δ (θ) is strictly in-

creasing. Alternatively, we say that f (x, θ) has SID.
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Remark 2 It is easy to see that if f (x, θ) has SID, then it also satisfies the

strict single crossing property, and if f is differentiable in θ, then fθ (x, θ) is

increasing in x.

Consider a family of sets Y (θ) parametrized by θ.

Definition 5 Y (θ) is increasing (in the strong set order) if for θ′ > θ,

x′ ∈ Y (θ′) and x ∈ Y (θ) ⇒ max{x′, x} ∈ Y (θ′) and min{x′, x} ∈ Y (θ) .

The main tool in monotone comparative statics analysis is the following

theorem due to Milgrom and Shannon in Milgrom & Shannon (1994).

Theorem 2 (Milgrom and Shannon) The family {f(·, θ)}θ∈Θ has single

crossing differences if and only if argmaxx∈Y f (x, θ) is increasing in θ for

all Y ⊆ X.

Hence if f (x, θ) has SID, the set of maximizers is increasing (in the strong

set order). The proof of this Theorem is left as an exercise.

I have found the lecture notes written by John Quah (available at

http://users.ox.ac.uk/∼ssfc0023/new teaching.html) to be extremely useful

on this topic (and the related topic of comparative statics in games).
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Characterizing Incentive Compatibility

In this subsection, we assume that the conditions for the Milgrom-Segal En-

velope Theorem are satisfied. For example, we could have a B < ∞ such

that for all m,

|u (ϕ (m) , θ)− u (ϕ (m) , θ′)| ≤ B |θ − θ′| .

We start with the quasi-linear case where a direct mechanism can be

identified with (x (θ) , t (θ)) .

Lemma 1 If (x (θ) , t (θ)) is an incentive compatible mechanism, then the

equilibrium payoff to the agent satisfies condition (LIC):

V (θ) = V (θ) +

∫ θ

θ

vθ (x (s) , s) ds.

Proof. Milgrom-Segal Envelope Theorem.

Lemma 2 If (x (θ) , t (θ)) is an incentive compatible mechanism, and v (x, θ)

has strictly increasing differences, then the optimal allocation x(θ) satisfies

condition (M):

x (θ) is non-decreasing in θ.

Proof. Milgrom and Shannon.

Lemma 3 If conditions (M) and (LIC) hold and if v (x, θ) has strictly in-

creasing differences, then (x (θ) , t (θ)) is incentive compatible.

Proof. Take any m, θ ∈ Θ. Then

v (x (θ) , θ)− t (θ)− (v (x (m) , θ)− t (m))

=

∫ θ

θ

vθ (x (s) , s) ds−
(
v (x (m) , θ)− v (x (m) ,m) +

∫ m

θ

vθ (x (s) , s) ds

)
=

∫ θ

m

(vθ (x (s) , s)− vθ (x (m) , s)) ds

≥ 0.
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The first equality uses (LIC), the second uses absolute continuity of

v (x, s) , and the last inequality uses monotonicity of x (θ) and SID of v.

Theorem 3 If v (x, θ) satisfies SID, then incentive compatibility is equiva-

lent to (LIC) and (M).

Notice that the above does not really use the full power of SID. A slight

generalization of the sufficient conditions follows directly from he above proof.

Theorem 4 Suppose that (LIC) holds, and that for all θ,m ∈ Θ, we have

(vθ (x (θ) , θ)− vθ (x (m) , θ)) (θ −m) ≥ 0.

Then (x (θ) , t (θ)) is incentive compatible.

Remark 3 This Theorem is equally valid for cases where X is not a subset of

the real line. In a regulation problem, it could represent e.g. various outputs

of a multi-product monopolist. Each individual output xi (θ) for i ∈ {1, ..., k}
need not be monotonic in θ, but on average, monotonicity must hold. If

v (x, θ) is twice differentiable in this case, a sufficient condition for incentive

compatibility is

Σk
i=1vθxi

(x (θ) , θ)x′i (θ) ≥ 0.
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General Case: Rochet’s Theorem and Cyclical Monotonicity

A much more general result on the implementability of allocation rules in

quasilinear settings was proved in Rochet (1987). It is a result of imple-

mentability in dominant strategies and hence there is no real loss of gener-

ality considering the single agent case. An added bonus of the construction

by Rochet is that it handles general type sets (including finite and multi-

dimensional cases, convex and discrete, etc.) all at the same time.

An allocation rule x is weakly monotone if for all θ and θ′,

v(θ, x(θ))− v(θ′, x(θ)) ≥ v(θ, x(θ′))− v(θ′, x(θ′)).

It is an easy exercise to show that the allocation rule in any incentive compat-

ible mechanism is weakly monotone. Rochet’s contribution was to strengthen

weak monotonicity to what is known as cyclical monotonicity to get neces-

sary and sufficient conditions for dominant strategy implementability. To

understand better the condition that follows, write the definition for weak

monotonicity as follows:

(v(θ′, x(θ))− v(θ, x(θ))) + (v(θ, x(θ′))− v(θ′, x(θ′))) ≤ 0.

Notice that here we consider the changes in payoffs as first we change

the type of the agent keeping the allocation fixed and then again change the

type back, keeping the allocation fixed. Weak monotonicity implies that the

sums of payoff changes be nonpositive. Cyclical monotonicity extends this

idea to longer cycles of types. For a fixed k, consider θ1, θ2, ..., θk+1 with the

requirement that θ1 = θk+1. An allocation rule x is cyclically monotone if

for all k and all θ1, θ2, ..., θk+1 such that θ1 = θk+1, we have:

k∑
i=1

v(θi+1, xi)− v(θi, xi) ≤ 0,

where we let xi = x(θi).

Theorem 5 (Rochet’s Theorem) There is an incentive compatible mech-

anism (x, t) if and only in x is cyclically monotone.
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Proof. i) Necessity is again easy and based on summing together the incen-

tive compatibility inequalities.

ii) Sufficiency is somewhat more delicate. Fix an arbitrary type θ0 ∈ Θ,

and denote by S(θ) the set of finite sequences in Θ with θ1 = θ0 and θk = θ.

Define

V (θ) = sup
(θ1,...,θk)∈S(θ)

k∑
i=1

v(θi+1, xi)− v(θi, xi).

To show that V is a well-defined function, observe first that V (θ0) = 0.

By construction of V , we have

V (θ0) ≥ V (θ) + v(θ0, x(θ))− v(θ, x(θ)),

which implies that V is finite. Similarly, we have for all θ, θ′:

V (θ) ≥ V (θ′) + v(θ, x(θ′))− v(θ′, x(θ′)).

Thus the proof is completed by setting:

t(θ) := v(θ, x(θ))− V (θ).

Finally, a connection between the monotonicity results using SID and

cyclical monotonicity can be found as follows. Suppose that Θ ⊂ R and

X ⊂ R, and that vxθ(x, θ) ≥ 0 for all θ, x. Then it is a good exercise to

show that weak monotonicity is equivalent to incentive compatibility directly

from the definitions. Next, one shows that in the single-dimensional case,

weak monotonicity implies cyclical monotonicity. This can be done based on

induction on the length of the cycle.
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Many Agents

Set-up

A Mechanism Designer or Principal has the bargaining power and N agents

i ∈ {1, 2, ..., N} have private information. For each agent i , her type is

θi ∈ Θi and is known only to agent i. All agents and the principal share the

same common prior on the types given by the distribution function F (θ) ,

where θ = (θ1, ..., θN) ∈ Θ = ×N
i=1Θi. An agent i of type θi has interim beliefs

F (θ−i |θi ) on the type vector θ−i of the other players.

There is a set of potential allocation A with a typical element a ∈ A. The

agents and the principal have payoff function (von Neumann - Morgenstern)

over the allocations and type vectors. Agent i has a payoff function ui (a, θ)

and the principal has a payoff function u0 (a, θ) .

The principal chooses message spaces Mi for each of the agents, and

commits to an allocation rule (possibly random) ϕ : M → ∆(A) , where

M = ×N
i=1Mi with a typical element m ∈ M. The agents announce their

messages simultaneously, in other words they engage in a Bayesian game

with (pure) strategies

σi : Θi →Mi,

and payoffs (for pure allocation rules) given by ui (ϕ (mi,m−i) , θi, θ−i) . Again

we call the pair (M,ϕ) a mechanism.

We have now different possible solution concepts for the message game

between the agents: Dominant strategy equilibrium, Bayes-Nash equilibrium,

Ex-post equilibrium.

1. A vector σ = (σ1, ..., σN) is a dominant strategy equilibrium in pure

strategies if for all i, θi and for all θ−i,m−i,

ui (ϕ (σi (θi) ,m−i) , θi, θ−i) ≥ ui (ϕ (mi,m−i) , θi, θ−i) for all mi.

2. A vector σ = (σ1, ..., σN) is an ex-post equilibrium in pure strategies if

for all i, θi and for all θ−i,

ui (ϕ (σi (θi) , σ−i (θ−i)) , θi, θ−i) ≥ ui (ϕ (mi, σ−i (θ−i)) , θi, θ−i) for all mi.
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3. A vector σ = (σ1, ..., σN) is an Bayes-Nash equilibrium in pure strate-

gies if for all i, θi and for all mi,

Eθiui (ϕ (σi (θi) , σ−i (θ−i)) , θi, θ−i) ≥ Eθiui (ϕ (mi, σ−i (θ−i)) , θi, θ−i)

Clearly a dominant strategy equilibrium is an ex-post equilibrium and

an ex-post equilibrium is a Bayes-Nash equilibrium. For all three equilib-

rium concepts, one can prove that the revelation principle holds: For any

mechanism (M,ϕ) and an equilibrium σ in the Bayesian game induced by

(M,ϕ) , there is another mechanism (M ′, ϕ′) such that truthful reporting, i.e.

σi (θi) = θi for all i, θi is an equilibrium in the game induced by (M ′, ϕ′) and

the outcomes in the two games coincide, i.e. ϕ (σ (θ)) = ϕ′ (θ) .The formal

proof for the three equilibrium concepts is left as an exercise.

Notions of Incentive Compatibility

We define here the corresponding three notions for incentive compatibility.

A direct mechanism is said to be incentive compatible if truthful reporting

is optimal for every type of every agent. Since what follows in these lectures

is in the quasilinear setting, I write direct mechanism as (x (θ) , t (θ)) where

x denotes again a physical allocation and t denotes a vector of transfers. We

write ui(x, t, θ) = vi (x, θ)− ti for i ∈ {1, ..., N} and u0(x, t, θ) = v0(x, θ)+ t0.

1. A direct mechanism (x (m) , t (m)) is dominant strategy incentive com-

patible if for all i, θi, θ−i,m−i, we have:

θi ∈ arg max
mi∈Θi

vi(x(mi,m−i), θi, θ−i)− ti(mi,m−i),

i.e. truthtelling is optimal for each type of each player regardless of

what the type and announcement of the other players.

2. The mechanism (x(m), t (m)) is ex post incentive compatible if for all

i, θi, θ−i, we have

θi ∈ arg max
mi∈Θi

vi(x(mi, θ−i), θi, θ−i)− ti(mi, θ−i),
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i.e. truthtelling is optimal for all θi given that m−i = θ−i. In other

words, as long as the other players are truthful, their type is not im-

portant for a players’ incentives for truthful reporting. Notice also that

for private values environments, the two notions coincide in the static

case in the sense that for each ex post incentive comaptible mechanism,

thee esists a dominant strategy incentive compatible mechanism that

implements the same allocation. This claim is not true in dynamic

settings even with independent private information.

3. The mechanism (x(m), t (m)) is Bayes-Nash incentive compatible if for

all i, θi, we have

θi ∈ arg max
mi∈Θi

Eθ−i
[vi(θi, θ−i, q(mi, θ−i))− ti(mi, θ−i) |θi ] ,

i.e. truthtelling is optimal given that m−i = θ−i and given the distri-

bution F (θ−i |θi ) for the types of other players.

Clearly, a dominant strategy incentive compatible mechanism is also ex

post incentive compatible and an ex post IC mechanism is Bayes-Nash IC.

Individual Rationality

Sometimes it makes sense to consider settings where the agents have an op-

tion of option gout from the mechanism. In general, the payoff from this

option could depend on the type, but for these notes, I will assume that this

outside option value is constant on type and normalized to 0. There are

different notions of participation constraints depending on when the partici-

pation decision is taken. We consider here incentive compatible mechanisms

and assume truthful reports by the other players.

1. A mechanism (x (·) , t (·)) is ex-post individually rational if for all i and

all θ,

vi (x (θ) , θ)− t (θ) ≥ 0.

2. A mechanism (x (·) , t (·)) is interim individually rational if for all i and

all θi,

Eθ−i
[vi (x (θ) , θ)− t (θ) |θi|] ≥ 0.
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3. A mechanism (x (·) , t (·)) is ex-ante individually rational if for all i and

all θi,

Eθ [vi (x (θ) , θ)− t (θ)] ≥ 0.

Clearly an ex-post IR mechanism is interim IR and ex-ante IR. For the

ex-post IR, it is sometimes useful to consider also the case where the other

players are not truthful and then one would have the requirement that for

all i and all m−i, θ,

vi (x (θi,m−i) , θ)− t (θi,m−i) ≥ 0.

Bayesian and Dominant Strategy Mechanisms

How much more restrictive is the requirement of dominant strategy incentive

compatibility in comparison to Bayes-Nash incentive compatibility? The

answer here turns out to depend on the class of models as well as the notion

of similarity between mechanisms.

The issue is basically the following: For dominant strategy incentive com-

patibility, the appropriate monotonicity requirement (recall last lecture) on

x (m) is that for all i, and θi, vi (x (mi,m−i) , θi) be monotonic in mi. For

Bayes-Nash incentive compatibility, the requirement is that

Eθ−i
vi (x (mi, θ−i) , θi)

be monotonic in mi for all i and all θi.

It is easy to come up with examples of allocation rules x (mi,m−i) that

are monotonic in mi in expectation over θ−i under truthful announcements

but that are not monotonic for all m−i. If vi (x, θi) = θix, then a Bayesian IC

mechanism (x (·) , t (·)) that implements x(θ) exists even though no dominant

strategy mechanisms implementing this allocation rule x (·) exist. Hence the
set of DIC mechanisms is in this sense a strict subset of the set of BIC

mechanisms.

It is therefore quite remarkable that for the linear case where vi (x, θi) =

θivi (x) , there is another sense in which the two classes are equivalent. Sup-

pose one changes attention to expected equilibrium payoffs Vi (θi) . Say that

a mechanism γ = (x (·) , t (·)) implements a payoff assignment V γ (θ) :=
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(V γ
1 (θ1) , ..., V

γ
N (θN)) if V

γ
i (θi) is the expected payoff of player i with type θi

in γ. Let ΓD denote the set of dominant strategy IC mechanisms and let ΓB

denote the Bayesian IC mechanisms. Define

V D = {V γ (θ)
∣∣γ ∈ ΓD }, and V B = {V γ (θ)

∣∣γ ∈ ΓB }.

Since ΓD ⊂ ΓB, we have V D ⊂ V B. For the case of linear valuations,

Gershkov, Goeree, Kushnir, Moldovanu & Shi (2013) show that V D = V B.

The paper is written for the case of finite X and Θ, but it is clear that the

construction generalized to infinite X and Θ. Hence for linear environments,

any Bayesian incentive compatible equilibrium payoff vectors is also a pay-

off vector for some dominant strategy mechanism. The geometric approach

proposed in Goeree and Kushnir: ”A Geometric Approach to Mechanism

Design” also touches this issue and the approach is remarkably simple and

yields many of the existing results in mechanism design in a straightforward

manner.

Efficient Mechanisms

In this subsection, we address the incentive compatibility of efficient decision

rules in models with private values and quasi-linear payoffs.

Definition 6 The model has private values if for all i ∈ {0, 1, ..., N},

vi(x, θi, θ−i) = vi(x, θi, θ
′
−i) for all θ−i, θ

′
−i ∈ Θ−i.

We start with the simplest setting where v0 = 0, and t0 =
∑N

i=1 ti. In

other words, the mechanism designer collects the payments made by the

agents. With this specification, Pareto-efficiency reduces to surplus maxi-

mization, and efficiency is unambiguous.

Let

x∗ (θ) ∈ argmax
x∈X

N∑
i=1

vi(x, θ) = argmax
x∈X

N∑
i=1

vi(x, θi),

where the last equality follows from the private values assumption.
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Consider the direct mechanism with choice rule x∗(m) and with transfer

function

t∗i (m) = −
∑
j ̸=i

vj(x
∗(m),mj) + τi(m−i). (1)

It is easy to see that for an arbitrary announcementm−i by the other players,

mi = θi is the optimal report for an arbitrary function τi. The mechanism

(x∗ (θ) , t∗ (θ)) as above is called a Vickrey-Clarke-Groves mechanism (VCG

mechanism). Green and Laffont show in Green & Laffont (1979) that if there

are no restrictions on the domain of preferences for the players, then VCG

mechanisms are the only mechanisms that make truthful revelation a domi-

nant strategy for the efficient transfer rule x∗ (θ) . Basically this observation

is a direct consequence of the Revenue Equivalence Theorem (separately for

each announcementm−i by the other agents), and therefore the set of param-

eters Θ must be sufficiently regular for the uniqueness result (e,g, a convex

subset of Rk will do). As equation (1) makes clear, the transfers are pinned

down by the efficient allocation rule x∗ (·) up to the constant τi (m−i) .

A particularly useful VCG mechanism is the pivot mechanism or the

externality mechanism, where

τi (m−i) = max
x∈X

∑
j ̸=i

vj(x,mj).

If we denote the maximized surplus for a coalition S of players by

WS (θ) = max
x∈X

∑
i∈S

vi(x, θi),

then we see that the utility in the pivotal mechanism going to player i is

given by

max
x∈X

N∑
i=1

vi(x, θ)−max
x∈X

∑
j ̸=i

vj(θj, q) = W{1,...,N} (θ)−W{1,...,N}\{i} (θ) :=Mi (θ) ,

i.e. in the pivotal mechanism, each player gets her marginal contribution to

the social welfare as her payoff.

Notice that since (x∗ (·) , t∗ (·)) is dominant strategy incentive compat-

ible, correlation in the agents’ types makes no difference for the incentive

compatibility of the mechanism. It works for all private values settings with

quasi-linear payoffs.
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Budget Balance

An unfortunate feature of the VCG mechanism is that it is not budget bal-

anced (BB) between the agents. In some problems this is not problematic:

the mechanism designer may be a real seller that does not know the val-

uations of potential buyers. In other economic situations, positive sums

of transfers from the agents represent wasted money, and negative sums of

transfers feature financing originating outside the model.

We say that the mechanism (x (·) , t (·)) satisfies ex-post budget balance if

for all θ,

N∑
i=1

ti (θ) = 0.

It satisfies ex-ante budget balance if

Eθ

N∑
i=1

ti (θ) = 0.

A less demanding requirement for mechanisms would be that they have no

deficits (again either in the ex-post and ex-ante senses), i.e. Σiti ≥ 0.

For an environment with independent types, we define the AGV or ex-

pected externality mechanism by x∗(m), and transfers

ti(m) = −Eθ−i

∑
j ̸=i

vj(x
∗ (mi,m−i) ,mj) + τi (m−i) .

It is again easy to see that mi = θi is an optimal announcement in a Bayesian

equilibrium (not a dominant strategy though, why?).

Let

Ei (mi) = Eθ−i

∑
j ̸=i

vj(x
∗ (mi, θ−i) , θj),

and set

τi (m−i) =

∑
j ̸=i Ej (mj)

N − 1
.

Then the mechanism is by construction ex-post BB.

Notice also that this mechanism does not work for correlated private

values. The reason is essentially the same as for not having the dominant
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strategy property. It is a useful exercise to show that the AGV mechanism

is not a VCG mechanism. It is also a good exercise to think about the

interim expected utilities of the agents in this mechanism. Suppose that each

agent has the option of not participating in the mechanism (after learning

her type) and getting zero payoff. Will all types of agents participate in the

AGV mechanism? More on this in the next subsection. You may also wonder

about ex ante participation decisions. If the agents choose their participation

before learning their type, will they participate?

It is possible to design variants with similarities to the AGV mechanism

that work also in the correlated values setting. The main objection to VCG

mechanisms is that they often run a deficit, i.e. the sum of transfers is

negative. It is a useful exercise to examine the properties of the following

mechanism
(
x∗ (·) , t̂ (·)

)
, where

t̂i (·) = −
∑
j ̸=i

vj(x
∗(m),mj) + Eθi

[∑
j

vj(x
∗(θi, θ−i), θj) |θ−i

]
.

Is this a VCG -mechanism? What can be said about the sum of the transfers.

What can be said about incentives to participate interim (i.e. after learning

θi) and ex ante (prior to learning θi)?

BB in BNE

The previous chapter raises the question of what more can be done with BNE

as the solution concept since this is less restrictive that dominant strategy.

As long as the types are independent, we know from the characterization

of incentive compatibility that all BNE implementing the efficient decision

rule have the same expected payoffs apart from the utility of the lowest type

player. Hence the expected payments etc. can be calculated using VCG

mechanisms.

IC, BB and Participation

Assume now that the type sets of the agents are intervals on the real line

Θi = [θi, θi]. Assume also that vi (x, θi) satisfies strictly increasing differences.
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Then we know from the revenue equivalence theorem that in any VCG mech-

anism, type θi of player i gets the lowest expected equilibrium payoff. If the

outside option for each i is to get payoff 0, then interim Individual Rationality

is satisfied for all players in an incentive if and only if Vi (θi) ≥ 0.

Amongst interim individually rational VCG mechanisms, the following

transfer payment rule collects the largest expected payment from the agents:

tPi (θ) = W (θi, θ−i)−W−i(θ).

We call this the revenue pivotal mechanism. It is immediately clear that with

these transfers, the lowest type of each agent has a zero expected payoff.

Hence a very useful observation is that if the VCG mechanism with payment

function tP runs a deficit, then there is no efficient IR mechanism that satisfies

budget balance.

It is slightly less trivial (and not so important) to show that if (x∗ (·) , tP (·))
results in a surplus and the types are independent, then there exists another

efficient, IR mechanism that satisfies budget balance. The construction uses

both the pivotal mechanism and the AGV mechanism and is left as an exer-

cise.

We discuss next the issue of individual rationality or participation in a

particular mechanism. To fix ideas, we consider a game of public goods

provision. A project can be completed at cost c > 0 or alternatively it

may remain uncompleted. at zero cost. Therefore x ∈ {0, 1}. Assume that

vi (0, θ) = 0 for all i and vi (1, θ) = θi for all i, and θi. Then the efficient

decision rule is to have

x∗ (m) =

{
1 if Σimi ≥ c.

0 otherwise.

Consider the pivot mechanism for this problem:

ti (m) = θix
∗ (θi,m−i

)
+ (x∗(m)− x∗(θi,m−i))(c− Σj ̸=imj)

As a very easy exercise, verify that all players have a dominant strategy

to report mi = θi. Suppose next that all player have the opportunity to opt

out from the mechanism and get a utility of 0. Then it is immediate from

the revenue equivalence and the transfer function that the largest transfers
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consistent with participation by all types are given by the pivot mechanism

transfers. If we understand budget balance to mean that the sum of transfers

covers the cost c, then we can simply evaluate the expected payments in the

pivot mechanism and ask whether the cost c is covered. It is easy to show

that cost is covered only in cases where Nθ > c or c < Nθ. In all other cases,

there is a deficit. The computation of this is left as an exercise.

The same line of argument can be used in e.g. the bilateral trade model.

Here a buyer has a valuation v ∈ [v, v], and a seller has a cost of producing the

good given by c ∈ [c, c]. The cost and the valuation are private information

to the seller and the buyer, respectively. Assume that v > c. The buyer’s

expected utility from the good is xv − t, where x is the probability of trade,

The seller’s gross utility is t − xc. Construct the pivot mechanism. Argue

that it has the largest transfers, and show that the pivot mechanism transfers

result in a deficit.

Linear Environments

Assume next the simple linear form of preferences:

ui (x, t, θ) = θivi (x)− ti,

where vi is an increasing function of the physical allocation x. We also as-

sume that for all i, θi ∈
[
θi, θi

]
and that the distribution admits a well defined

density function with full support. Furthermore, we assume that for i ̸= j,

θi ⊥ θj. We look for a characterization of the truthful equilibria of direct

mechanisms. Denote an arbitrary announcement by player i by mi, and de-

note by Ti (mi, θi) the expected transfer given true type θi and announcement

mi. Notice that by our assumption of independence of types, we can write

Ti (mi, θi) = Ti (mi) .

Similarly, let

Xi (mi) = Eθ−i
[vi (x (mi, θ−i))] .

The key here is that agent i′s expected payment conditional on report mi is

independent of θi by the independence of the valuations. This is clearly not
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the case when types are correlated and this is the main reason why revenue

equivalence fails in that setting.

Because of the linearity of the utilities, we may now write the expected

payoff from announcing mi while of type θi.

Eθ−i
[ui (x (mi, θ−i) , θ)] = θiXi (mi)− Ti (mi) ,

Define also the following functions for i = 1, ..., N :

V̂i (θi,mi) = θiXi (mi)− Ti (mi) .

Now we are in a position to characterize the outcomes that are achievable in

Bayesian Nash equilibria of mechanism design problems. Let

Vi := V̂i (θi, θi) .

Since the payoff function θiXi satisfies strictly increasing differences for all

i, we have from the results on single agent implementability the following

theorem.

Proposition 1 (Bayesian incentive compatibility of outcomes)

The mechanism (x (·) , t (·)) is Bayesian incentive compatible if and only

if for all i ∈ {1, ..., N},

1. Xi (mi) is nondecreasing.

2. Vi (θi) = Vi (θi) +
∫ θi
θi
Xi (s) ds for all θi.

Optimal Myerson Auctions

We continue with the IPV case of auctions.This case was covered in Myer-

son (1981). There are N bidders, each with a type θi drawn according to

the distribution function Fi (θi). We assume that each Fi has a continuous

density function fi and that the types are statistically independent. For each

allocation decision x = (x1, ..., xN) , we have the payoff of bidder i as

ui (θ, q, t) = θixi − ti.
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We also require that x ∈ RN
+ and

∑
i xi ≤ 1. Let

Xi (θi) = Eθ−i
xi (θi, θ−i) =

∫
Θ−i

xi (θi, θ−i)
∏
j ̸=i

fj (θj) dθ−i,

and

Ti (θi) = Eθ−i
ti (θi, θ−i) =

∫
Θ−i

ti (θi, θ−i)
∏
j ̸=i

fj (θj) dθ−i.

The expected payoff for bidder i of type θi from announcing type mi is

V̂i (θi,mi) = θiXi (mi)− Ti (mi) .

By the previous lecture, an allocation Xi (θi) is incentive compatible if and

only if we have:

1. Vi (θi) = V̂i (θi, θi) = Vi (θi) +
∫ θi
θi
Xi (s) ds.

2. X ′
i (θi) non-decreasing.

The expected payment going to the auctioneer is

E
∑
i

Ti (θi) =

∫
Θ

∑
i

ti (θi, θ−i)
∏
i

fi (θi) dθ.

Using the envelope result, we have

E
∑
i

Ti (θi) =
∑
i

∫
Θi

[θiXi (θi)− Vi (θi)−
∫ θi

θi

Xi (si) ds]fi (θi) dθi.

If the outside option for the bidders is fixed at 0, it is optimal to set Vi(θi) = 0.

Integrating by parts or interchanging the order of integration we get:∫
Θi

∫ θi

θi

Xi (si) dsifi (θi) dθi =

∫
Θi

Xi (si)
(1− Fi (si))

fi (si)
fi (si) dsi.

Therefore using the definition of Xi (θi) , we have:

E
∑
i

Ti (θi) =

∫
Θ

∑
i

[θixi (θ)− xi (θ)
(1− Fi (θi))

fi (θi)
]f (θ) dθ.
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The seller’s revenue is maximized if x (θ) is chosen to maximize the above

integral. A good strategy is to first ignore the constraint that Xi (θi) must

be non-decreasing in θi.Since the expected revenue is linear in x, x∗ (θ) max-

imizes the integral for each θ if:

x∗i (θ) =

{
1 if θi − (1−Fi(θi))

fi(θi)
≥ θj − (1−Fi(θi))

fj(θj)
and θi − (1−Fi(θi))

fi(θi)
≥ 0.

0 otherwise.

We call

θi −
1− Fi (θi)

fi (θi)

the virtual type of player i. If the virtual surplus is nondecreasing in θi, then

we have arrived at a full solution of the problem. Otherwise we must take the

constraint X ′
i (θi) ≥ 0 into account and use optimal control theory to find the

optimal feasible solution. A sufficient condition for having a nondecreasing

virtual surplus is that
fi (θi)

1− Fi (θi)

be nondecreasing in θi.In this case, the optimal auction thus allocates the

good to the buyer with the maximal virtual type if this type is non-negative

for some bidder and leaves the good unallocated otherwise.

Comments on Optimal Auction

1. Symmetric Fi : optimal reserve prices that are independent of N.

2. Asymmetric Fi : optimal auction favors the disadvantaged bidder.

3. Notice the trade-off between efficiency and information rent

4. A good exercise is to use the revenue equivalence theorem to conclude

the following: the expected revenue from an optimal auction with n

symmetric bidders is dominated by the expected revenue from a sec-

ond price auction without reserve prices with n + 1 bidders from the

same distribution. Hence the amount that can be gained by optimally

tailoring the auction rules (reservation prices) is quite limited.
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Aside: Symmetric Equilibria Through Revenue Equivalence

FPA

From revenue equivalence theorem, we have:

V (θi) = Vi (θi) +

∫ θi

θi

Xi (s) ds.

If the first price auction has an equilibrium with strictly increasing strategies

bi(θi), then we have:

Xi(θi) = F (θ)N−1,

and

Vi (θi) = 0.

On the other hand, in first price auction, the payoff to bidder i is:

(θi − bi(θi))Xi(θi),

or

(θi − bi(θi))Xi(θi) =

∫ θi

θi

Xi (s) ds,

or

(θi − bi(θi))F (θ)
N−1 =

∫ θi

θi

F (θ)N−1ds,

or

bi(θi) = θi −

∫ θi
θi
F (θ)N−1ds

F (θ)N−1
.

Since the model satisfies strictly increasing differences, the payoffs are

calculated using the Revenue Equivalence Theorem and since the allocation

rule is monotonic, we know tha the direct mechanism associated with the

first-price auction rules is globally incentive compatible. Hence the only

remaining issue that must be checked is that there are no profitable bids

outside the range of equilibrium bids in the mechanism. This is left as a

simple exercise.

War of attrition

In this auction format the highest bidder wins the object, all losers bid

their own bid and the winner pays the highest losing bid. This can be seen
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as a model where the bidders compete for a price by expending resources (as

expressed in their bids). The contest ends when all but one bidders give up.

At that point, the winner collect the prize.

We look for a symmetric equilibrium in increasing strategies. Any such

equilibrium allocates the prize efficiently (i.e. the highest bidder is the bidder

with the highest valuation. Hence the allocation is the same as in the second

price auction. By revenue equivalence theorem, the expected payment must

also coincide with the expected payment SPA. Denote the bid of bidder i in

the symmetric equilibrium of the war of attrition by bW (θi) and the expected

payment by ΠW . We have:

ΠW = (1−FN−1(θi))b
W (θi)+

∫ θi

0

bW (z)dFN−1(z) =

∫ θi

0

zdFN−1(z) = ΠSPA.

Since this holds for all θi we may differentiate to get:

dbW (θi)

dθi
(1− FN−1(θi)) = θidF

N−1(θi),

and therefore

bW (θi) =

∫ θi

0

θidF
N−1(θi)

1− FN−1(θi)
.

Again, the final step is to prove that no bids outside the range of equi-

librium bids yields a profitable deviation. This is again a imple matter to

check.

We turn next to the issue of efficient mechanisms. We shall see how the

revenue equivalence theorem turns out to be useful for deducing properties

of social surplus maximizing allocation schemes.
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Mechanism Design with Correlated Types

Until now, types θi have been assumed

1. Independent across i,

2. Private values:

vi(x, θi, θ−i) = vi(x, θi, θ
′
−i)

for all i, θi, θ−i, θ
′
−i.

In the next two sections, we shall relax these assumptions. For more

details on correlated values, see Cremer & McLean (1985) and Cremer &

McLean (1988).

First example

A single indivisible good is auctioned between two bidders with three possible

types (valuations) θi ∈ {1, 2, 3} .We assume private values so that the payoff

in a direct mechanism (x (·) , t (·)) for bidder i is simply

θixi (mi,mj)− ti (mi,mj) ,

where xi (m) is the probability of getting the good if the reported type vector

is m. Since there is only a single good, we require that for all m,

x1 (m) + x2 (m) ≤ 1.

Assume that the types are distributed according to the following table:

θ1\θ2 1 2 3

1 1
6

1
12

1
12

2 1
12

1
6

1
12

3 1
12

1
12

1
6

The types are positively correlated, but not perfectly correlated. Notice

that the type spaces are discrete, and therefore we could not use revenue

equivalence theorem even in the case with independent valuations. Consider
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a second price auction with no reserve price. This auction is efficient in the

sense that it allocates the good to a bidder with the highest value. It realizes

total expected surplus of 14
6
and an expected revenue of 10

6
to the seller. By

setting a reserve price of 2, the revenue would increase to 11
6

at the cost of

social surplus going down to 13
6
.

With correlated values, the seller can improve on this by quite a bit.

Write the conditional probability vectors p1(θ2 |θ1 ) that player 1 of type θ1
assigns to the types of player 2 in matrix form:

P1 (θ2 |θ1 ) =

 1
2

1
4

1
4

1
4

1
2

1
4

1
4

1
4

1
2

 .

So for example p23 is the probability that player 1 of type θ1 = 2 assigns to

the event {θ2 = 3}.
Consider now the second price auction without reserve prices. The bid-

ders’ interim expected payoffs Vi (θi) are as follows: Vi (1) = 0, Vi (2) =
1
4
,

and Vi (3) =
3
4
.Notice that the matrix Pi has full rank. Therefore there exists

a vector t = (t1, t2, t3) such that 1
2

1
4

1
4

1
4

1
2

1
4

1
4

1
4

1
2

 t1
t2
t3

 =

 0
1
4
3
4

 .

Consider next the second price auction with the modified payment scheme:

t′i (mi,mj) = tSPi (mi,mj)− tmj
.

Since the second part in the payment is independent of mi, it is a dominant

strategy to announce truthfully in (x∗ (m) , t′ (m)). Hence the outcome is

efficient. By construction, all bidders earn a zero interim expected payoff.

Hence the seller extracts full surplus in revenues. The next subsection shows

that the insight in the above result generalizes to most mechanism design

settings.
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Cremer-McLean result

We analyze the case where all players’ types are drawn from finite sets. Let

Ni be the number of types for player i. Let π(θ) denote the prior distribution

on the vectors of types. The following restriction on the conditional beliefs

of the players on each others’ types turns out to be important.

Denote by π(θ−i | θi) the posterior probability that type θi of player i

assigns to the types of the other players. These probability vectors satisfy

the Cremer-McLean condition if there does not exist a type θi (for any player)

and a vector λ ∈ RNi−1
+ such that :∑

θ′i ̸=θi

λ(θ′i)π(θ−i | θ′i) = π (θ−i |θi ) .

Hence the C-M condition is a weakening of linear independence of the

conditional probability vectors. It is violated if two or more of these are

identical. Thus independent types case where all the vectors are identical is

ruled out. In fact, the insight contained in the example is very general and

takes the form of the following Theorem.

Theorem 6 Consider a mechanism where the allocation function is x(θ)

and the transfer function is given by t(θ), and suppose that Cremer-McLean

condition above is satisfied. Then there is another incentive compatible mech-

anism given by x(θ) and τ(θ) where the interim expected payment for each

type θi of each player i is the same under the two mechanisms.

How to prove this? Recall Separating hyperplane theorem:

Theorem 7 Let A and B be two closed and convex subsets of Rn such that

A ∩B = ∅. Then there is a vector b and a constant c such that for all

x ∈ A, b · x > c,

and for all

y ∈ B, b · y ≤ c.
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To apply this theorem, consider

A = {λ(θ′i) · π(θ−i | θ′i) | λ(θ′i) ∈ RNi−1
+ }

In other words, A is the positive cone generated in R
∏

j ̸=i Nj

+ by the vectors

π(θ−i | θ′i)
Let

B = π(θ−i | θi).

Cremer-McLean condition states that A∩B = ∅. Therefore, we can apply the

separating hyperplane theorem to conclude the existence of b(θi) ∈ R
∏

j ̸=i Nj

+

and c(θi) ∈ R such that .

b(θi) · π(θ−i | θ′i) > c(θi)

for all π(θ−i | θ′i), and

b(θi) · π(θ−i | θi) = c(θi).

Interpret b(θi)− c(θi) as the vector of transfers (one for each type vector

of other bidders) that player i has to pay. Consider the game where players

are only asked to report their types and then the transfers above are enacted.

The above construction shows that for all i and all θi, the players have strict

incentives to report their true types. Multiplying the transfers by a large

enough positive constant overwhelms any other incentives that might arise

from the original incentive incompatible mechanism. Since this reporting

game involves no interim expected transfers under truthful reporting, we

conclude the proof of the theorem.

Similar ideas can be used to construct efficient mechanisms that satisfy

additional constraints such as balanced budget. Recent work by David Rah-

man available at https://sites.google.com/site/davidrahmanwork/ is at the

cutting edge of this literature.

Perhaps it is best to note some more or less obvious problems with the

proposed mechanisms. If types are almost independent, then the required

transfers are very large stretching the limits of the assumed quasi-linearity

and hence risk-neutrality. These mechanisms are prone to collusion by the
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agents. They rely on the common knowledge of fine details about the players’

probability assessments of each others’ types.

Finally,the result depends on the assumption that for each belief that

player i has on the other players’ types, there is a single payoff type. From

a Harsanyi type space point of view, this seems peculiar. There is a lively

debate on whether this assumption should be thought to hold in general or

not. In the literature, you will find papers discussing whether BDP (Beliefs

Determine Payoffs) should be regarded a generic property in the universal

type set or not. Additional reading on this can be found in Neeman (2004)

and Heifetz & Neeman (2006)
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Mechanism Design with Common Values

In this lecture, we drop the assumption of private values. The simplest

example of such a case is the Wallet Game. An indivisible object is auctioned

to one of two potential bidders. Bidder i has type θi. The bidders have pure

common values:

vi = θ1 + θ2

Assume for simplicity that the θi are i.i.d. random variables with a con-

tinuous density on [0, 1].We start wit the analysis of the first price auction

by finding a symmetric equilibrium in strictly increasing strategies. In such

equilibria, player i wins if θi > θj. Given the continuous distribution of types,

ties can be ignored. Therefore the expected payoff to player i with type θi
from bidding b(θ′i) is:

U(θi, θ
′
i) = (θi + E[θj | θ′i > θj]− b(θ′i))F (θ

′
i).

In equilibrium, we must have:

θ′i = θi.

Let

U(θi, θi) ≡ V (θi).

It is easy to see that the conditions for the Milgrom& Segal envelope theorem

are satisfied, and we have:

V ′(θi) = F (θi).

Since V (0) = 0, we also have∫ θi

0

F (s)ds = (θi + E[θj | θi > θj]− b(θi))F (θi).

Therefore we can solve:

b(θi) = (θi + E[θj | θi > θj])−
∫ θi
0
F (s)ds

F (θi)
.

33



Consider for example a uniform distribution. Then we have:

b(θi) = θi +
1

2
θi −

1

2
θi = θi.

We could perform the same steps for second price auction to get to the

stage: ∫ θi

0

F (s)ds = (θi + E[θj − b(θj) | θi > θj])F (θi).

Since both sides are equal for all values of θi, the derivatives of the two sides

of the equality must coincide. Therefore:

F (θi) = F (θi) + θif(θi) + θif(θi)− b(θi)f(θi).

Solving for b(θi) gives:

b(θi) = 2θi.

Is there a direct argument for the result? You want to win if and only if

the payoff exceeds your payment. If you bid twice your value and win, you

pay 2min[θi, θj] whereas your value is

θi + θj > 2min[θi, θj].

Therefore you win if and only if your value exceeds your payment.

Notice that this equilibrium is not in dominant strategies (why?) as op-

posed to the private values case. Nevertheless the equilibrium seems to have

nice properties. First of all, beliefs about the distribution of your opponent’s

value do not appear at all in the calculation of the optimal strategy. Further-

more, no bidder has an incentive to change their strategy even if they learn

the other bidders’ types. In other words bidding according to b(θi) = 2θi.is

an ex-post equilibrium.

In an ex post equilibrium, players do not care about each others’ types

at all conditional that they report truthfully. It turns out that the property

of having a BNE that is independent of the prior beliefs is closely connected

to the equilibrium being an ex post equilibrium.
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Theorem 8 A mechanism (x (·) , t (·)) is ex-post incentive compatible if and

only if it is Bayes-Nash incentive compatible for all prior beliefs on the type

sets.

The literature on robust mechanism design revisits this theorem in the

context of Harsanyi types and higher order beliefs.

Implementability of Efficient Decision Rules

In the quasi-linear setting with private values, VCG-mechanisms implement

the efficient decision rules in dominant strategies. Is this possible with com-

mon values. In the Wallet Game example, we saw that dominant strategy

equilibria will fail to exist in general for common values settings. What about

Bayesian or ex post equilibria? The following example shows that it is not

possible to implement the efficient decision rule in common values settings.

Recall that in the case of independent types, a necessary condition for im-

plementability is that the allocation rule be monotonic in each player’s type.

Efficient rules are clearly monotonic in this sense in the private values case

since an increase in the type of one agent leaves the values of other agents

unchanged.

Failure of Monotonicity

How to allocate a single indivisible object between two players? Only player

1 has private information θ1 ∈ [0, 2]. Both players’ payoffs depend on this

information:

v1 = θ1, v2 = 2θ1 − 1.

Efficient allocation of the object (letting x(θ1) be the probability of as-

signing the good to 1):

θ1 > 1 ⇒ x(θ1) = 0, θ1 ≤ 1 ⇒ x(θ1) = 1.

Is there a transfer function that could make this allocation incentive com-

patible? At most two transfers can be used (transfers must be constant
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conditional on the allocation). (Why?) Let t(0) be the transfer payment

when 1 gets the object, and t(1) the payment that 1 makes when 2 gets the

object. Then we have from incentive compatibility:

θ1 − t(0) ≥ −t(1) for all θ1 ≤ 1,

and

−t(1) ≥ θ1 − t(0) for all θ1 > 1.

These inequalities are seen to be incompatible by e.g. summing them up.

The efficient decision rule fails to be implementable in this example because

monotonicity of the decision rule fails. The reason for this failure can be

traced to the fact that player 1’s type has a larger effect on the valuation of

player 2 than on the valuation of player 1 herself.

Single Crossing

Consider next that case where all players i ∈ 1, ..., N have private information

represented by a single dimensional type θi. Assume for now that the types

are independent across players, and they are distributed on an interval [θ, θ].

Write the payoff functions of the players as:

vi(x(θ̂), θ)− t(θ̂).

We say that the efficient decision rule x∗(θ) is monotonic if for all θ−i and

all x̂, the set Si(x̂) = {θi | x∗(θi, θ−i) = x̂} is connected.

Notice that the notion of monotonicity we have here is quite general. Since

the sets Si(x̂) are connected for all x̂, we can define an order (for each θ−i)

on X by the requirement that for all θi ≤ θ′i we have x
∗(θi, θ−i) ≤ x∗(θ′i, θ−i).

Recall that the model satisfies strictly increasing differences if for all i

and all θ−i, and x ≤ x′ in the order defined above, we have:

∂vi(x
′, θ)

∂θi
≥ ∂vi(x, θ)

∂θi

Consider for example the case of a single object auction. Suppose the bidders

get zero utility whenever they are not allocated the good and utility ui(θ)
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when they are allocated the good. Then monotonicity and SID are satisfied

if

∂vi(θ)

∂θi
≥ ∂vj(θ)

∂θi
for all j.

Monotonicity and single crossing are sufficient for ex post implementation of

the efficient decision rule.

Theorem 9 Suppose that the efficient decision rule x∗(θ) is monotonic and

the payoffs have SID. Then there exists a schedule of transfers t(θ) such that

x∗(θ) is an ex post incentive compatible mechanism. We call such mechanisms

generalized VCG- mechanisms.

So how exactly did our simple example violate the conditions of this the-

orem? Write the valuation of bidder i as θix
∗ (θ), where x∗ is the probability

of giving the object to i. Then the order given by the efficient allocation says

that x∗ and θi are inversely ordered. But with this ordering, single crossing

of ui fails. (It holds for the ’natural ordering’ on the real line for x, θi).

What does the generalized VCG mechanism look like in simple applica-

tions?

• Is this the second price auction? Ascending auction?

• Why different transfers?

• Is it possible to construct pivotal mechanisms where the equilibrium

payoff of each player coincides with her contribution to the societal

welfare?

For more on efficient interdependent value auctions with single-dimensional

types, see Dasgupta & Maskin (2000).

Common Values and Multi-Dimensional Signals

We conclude this section with the simplest example of multidimensional sig-

nals. There are two agents, only agent 1 has private information. Her type

is two-dimensional: (θ, s) ∈ [0, 1]× [0, 1] . Payoffs are given by:

v1 (x, θ, s) = (3θ + 2s) x, v2 (x, θ, s) = (1 + 2θ + s) (1− x) ,
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where 0 ≤ x ≤ 1 is the probability with which agent 1 gets the object.

In any efficient allocation, x∗ (θ, s) = 1 if θ + s > 1 and x∗ (θ, s) = 0 if

θ+s < 1. Notice that x∗ (θ, s) is increasing in each component and v1 satisfies

strictly increasing differences. Furthermore the single crossing condition from

the previous subsection is satisfied. It is still easy to show that there are no

incentive compatible mechanisms that implement the efficient allocation rule.

This is left as an exercise. For more on this topic, see Jehiel & Moldovanu

(2001).
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