
Exam ECON9203 - Topics in Microeconomic Theory - Spring 2017

1) Consider the setting described on page 1 of the first set of notes: a seller has an indivisible

object to sell. Show that the seller cannot design an incentive compatible and individually

rational mechanism that is efficient and extracts the whole surplus from buyers.

ANSWER: in the notation of the first set of notes, full extraction requires

(1) mi(xi) = qi(xi)xi

for all i and for all xi. Efficiency requires

qi(xi) = G(xi)

where G(x) := Prob (max {x1, .., xi−1,xi+1, .., xN} < xi), thus

(2)
ˆ xi

0

qi(ti) > 0.

(1) and (2) imply that the IC constraint (page 4, equation (2) in the lectures notes numbering)

must be violated.

2) Consider an N-bidder losers-pay auction in which all bidders bid simultaneously and the

bidder with the highest bid wins the object and pays nothing, while all losing bidders pay their

own bid. Bidders’ valuations are independently and identically distributed according to F on

the interval [0, 1]. Use the Revenue equivalence principle to derive a symmetric and increasing

equilibrium bidding strategy in this auction.

ANSWER: in a second-price auction a bid x ensures expected payment
´ x
0
g(y)ydy, where

g(x) = G′(x) (G(·) is defined as in the answer to question 1, and is assumed to be differentiable

everywhere). In the loser-pay auction in a symmetric and increasing equilibrium the expected

payment must be the same as in the second-price auction so:
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(1−G(x))b(x) =

ˆ x

0

g(y)ydy

↔

b(x) =

´ x
0
g(y)ydy

1−G(x)

Note that for this betting strategy the expected payoff of a type x that bets as a type y is:

G(y)x− (1−G(y))b(y) = G(y)x−
ˆ y

0

g(z)zdz

FOC:

g(y)x− g(y)y = 0

Note that the second order condition is satisfied and that y = x satisfies the FOC.

3) Consider a public good problem. There are N ≥ 3 agents. The indicator variable y is equal to

1 if the good is supplied and 0 if it is not, and ti ∈ R is the transfer to agent i. The preferences

of agent i are quasi-linear:

θiy + ti,

with θi ∈ R for each agent i. We want to study the social choice correspondences f mapping

sets of types θ = {θ1, .., θN} into sets of outcomes {y, t1, .., tN} that we can implement in Nash

equilibrium.

3a) Show that monotonicity implies that f(·) satisfies the following two conditions:

Condition 1. Consider θ and {y, t1, .., tN} ∈ f(θ) such that y = 1. Consider also φ = (φ1, .., φN)

such that ∀i: φi ≥ θi. We then have {y, t1, .., tN} ∈ f(φ).

Condition 2. Consider θ and {y, t1, .., tN} ∈ f(θ) such that y = 0. Consider also φ = (φ1, .., φN)

such that ∀i: φi ≤ θi. We then have {y, t1, .., tN} ∈ f(φ).

3b) Consider now f(·) that satisfies conditions 1 and 2. Show that it is monotonic.
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3c) Show that any f(·) satisfies no veto power.

ANSWER:

3a. Let a = {y, ta1, .., taN} ∈ f(θ), y = 1 and assume f(·) is monotonic. For any outcome

b =
{
1, tb1, .., t

b
N

}
a �θi b iff tai ≥ tbi . Thus a �θi b↔ a �φi b.

Consider an outcome c = {0, tc1, .., tcN}. For every agent i, a �θi c iff

θi + tai ≥ tci

Note that, as φi ≥ θi, then a �θi c implies a �φi c. Monotonicity thus implies Condition 1.

To show that monotonicity implies Condition 2 you can redo the same steps, assuming now

that y = 0.

3b. Suppose Conditions 1 and 2 are satisfied. Let θ and φ satisfy ∀i: φi ≥ θi.

Condition 1 implies that for any a = {1, ta1, .., taN}, a ∈ f(θ) implies a ∈ f(φ), thus (informally)

we can say that “in this case” monotonicity is satisfied

Let a = {0, ta1, .., taN}: then for b = {1, ta1 − θ1, .., taN − θN} it is then case that for all i: a �θi b

and b �φi a, thus “in this case” monotonicity has no bite.

Condition 2 has the same implications for any φ that satisfies ∀i: φi ≤ θi.

Finally for any φ such that φα < θα and φβ > θβ for two agents α and β , we can show that

monotonicity “has not bite”:

Let a = {1, ta1, .., taN} ∈ f(θ). Then for d = {0, ta1 + θi, .., t
a
N + θi} we have a �θi d ∀i and d �

φ
β a.

Let a = {0, ta1, .., taN} ∈ f(θ). Then for d = {1, ta1 − θi, .., taN − θi} we have a �θi d ∀i and d �φα a.

Thus Conditions 1 and 2 imply monotonicity.

3c holds becasue no outcome is the preferred outcome of an agent: for any given outcome, agent

i prefers an outcome with the same y and larger ti.


